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*« <lv« a fairly txtenalvc btblloirapliy of various BUbllcatloaB 
wliioh h'iffi bcfcu referred to In tlie present tfcrsde. 
I t tat^ bt titntlORca i3*.r€ thtit tiit. cajor portion of tlil© 
thL^ip, preooated In the fona of pcperot fc^s b tui coEXJunlcated 
for publication lo various inteiuatloiial Ectkcactlccl ^ousnalc* 
Jv,o or tliiia hi:9v aire^iy befcn &ccc-ptedi *or piablici; tlozi in 
" ^ roc€tdln:^r of V^A *i».t'tlcu; ' ' tijiti.ntlcal .oclcty " and 
"rubliervtlcntr rr.thcmatlctie fQ (187?) " 
I t i c ^I tb aecp cenfit' of ^^ratitude tto" t X take tMe 
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^ rabba e)^ aln 
?let August, 1973. 
0 0 J 'X I. a '£ i» 
i:.j?iij: I I I : 01. rcLiain coufici:„.2i, 
COL*. x?ii li .^'iC; . . . . . . . . . 60 
t..:iXUl nil : i':u I I / i i , ^HUIl4 l IY tuA.•; 
0 * 2(1 a ; . } I'll/:.*. Fom' UF 
.•^ liis.lCjp.-K/v iiY . . . . . . . . . , 156 
Ai-t .4* . IX . . . Ul 3 
Chapter X 
IH'HaODEJCTIOB 
l^X Tim fbiov^ of XatG^rabllity of txlgoaaeetric 8«xi«s 
and traiuifonis ie of reotnt origin. It wae in 1940 tb&t th* 
celebrated istatliftAatlelttii Fvofeseor B, £:ss*IJag9rt a dietlaguleixed 
Mteai^her In tbe doiiAla of fUBctlon^ enalsrslBi Inltlatod ttm 
diecuoeiOQ of proW,miB .ocatcexnlog tMfi toplo« Cithln a short 
pexiod of two deeaaoei It lias no* grown Into a folly do^ rdopad 
discipline of luithmiatioal analyaia* h^a preeent theeia la 
baead on certain inveatigationa of %im autlmr into tli« ibf^ ozy 
of ** Integraliility of trlgonotsetxie Seilea and Tranafox»a» * 
!•£ Before gliring a resume of tbe earlier reeearelieat in 
%t» ligtit of wMoh vaxloua ne« ana intereatin^ reaulta ii£sire been 
obtained by tbe attthort i t aeeiio deairable to atate bare tbe 
defimtiooa and notationa wbiob vi l l be reqiuired in tbe ae(pel» 
A aoa»deox«aain«^ eentinaetta^ real-rained fUnetion § defined 
on tbe non«tte«atire balf-line and vaniabing only at tbe origin 
will hm etll«d •& Oi<Lies fiuiDtlon (Of)* Ametloii (^  e Of i t 
•aid t» Mtitflijr A^ (c > 0) eonditim for luff* u If timm 
mf eon»t«nta e > 0 and a^ ^ ^ iMoh tliat (| (au) ^ 0 (| (u)» 
u 2 % '0^ v^xy c > 1* A oosrcx Orlies ftmetidn ^ •Atial^iaf 
tbe eondltlOQa 
Xim J i a l . 0 and 3.1. J M , • 
i e oali«d • Toimg funetloa (TJ ,^ fUnetion $ hAoauB to 17 
ift axid 0103^  if, i t Admits 6 ]r«px<»0«nt»tioa 
tt 
cf (tt) » / ^ <x) dai , 
o 
wHtvt /S(x) f X 2 ^ • «^ positivoy (^o> • 0 • oontliniouit o& 
tli» zifthtt &on*d«oroeoiag and ^^* ^(x) • «• • 
%« lunro for cueli fttaetlons tint x«!Lttti<m 
t 
«*• donoto ^ K thm elftso of Oiiios fttaetions ^ vMoli 
•fttiaiy tho follenriim eottditi<m of ttuXhcaittid ClI * 
** fhoro txiot a emsrox fttootion A » x > i 
•ad 0 < k < i« incli that tlio inafoaiity 
k 
A(tt) S $ (^) S ^A<u) iuH^t for all u.** 
Lat L ^ (X»/^) • whara (f e A » ba tha Oiaies apaeat 
-s 
!••,» til* att of tXX cmKpl*x -ritluvd ••agarabl* fuaotlons 
f en a »«m»ttrt spaet (X tM ) Miih tluit tba noAuXar 
/V $ ( I f (x) 1 ) d/u 1» 3flatt«» ]B!y HardyOfilce ep*o« H^ 
«• mtaa slBia.y closed eubspaoo of L^ ( (0,ex), dx ) spanood 
or«r txlgononotxlo poOLynoBiiile of tlio fom 
S Int 
fCt) « E a^  • • 
ll»0 
A fimotion ^(3^ le oftid to tooXozig to tiio oI««« I>(p»a) 
(Aelcoy ana ftaingar Lxl ) i f 
/ \p(x) 1 ala X dx < •• f 
0 
«ii«M a la any soaX aunber aad p > 0 • 
%a daflne tiia aom of a funotion fiix) € I>(p»a) aa : 
P#a ^ o 
VP 
It la oxidant tHat L(pta) •> h for a < 0* L •> L(p,a> 
for a > 0 and 1» s Xi(p»a} «liav\ « « 0, 
^9*3ty ilfigriatiBi luiMrttw>» 
A poflitira fuaotiflii h(%) ia oald to ba '* SLmXj inoraaalaf 
la tht aa&aa of Xavaaata [x] If i t la eantlnuoaa for x ^ 0 and 
*•*- L(x) ^ t > 0 . 
•4 
A 8«qu«no« (it^] of aon«nttgatiT« mmUfra i« saiA to bo 
qaft«l««onotoiie ( Sbah f l ] ) Szass [ l ] ) i f for SOKO a > 0, 
for olX n > & (^ei} t wiwro n^in) l o a posltlre nuaibor doponAlng 
ttpoa a. 
An tqplvaleiit aofinltlon of qjuael'-monotone 8«Qa«noo 
( Shall [8j ) i s t l»t sT^ « n ^ ^ '®* «<*« P > 0. 
It i e eald to be quft8liBonoten« of a « a^ ( fong [2] ) 
If 
A soquenco [ a ] i s eaid to b« fi-quasl-monotone ( Boas [ e ] ) 
If "^ "• 0 • •fa ^ ^ ultimately and A a^ 2 **n t wbara [6^ }^ 
la a sequence of positive numbera. 
Let f(x) and g(x) be defined by tba fOil owing tztgono* 
metzio stzles. 
( l . g . l ) f(x) m i a_ • Z a„ cos nx t 
2 ® n-d ^ 
( l . e .e ) g(x) » £ an Bin nx 
n.1 ^ 
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l e to tacr 
^ o 
1*3 IfttigrtrtlitY gr trig«WfWB •trtfIt gf It-atfti 
OoBcoxniiig tb» IntograMiity of trlgoaonotzie etfivs for 
donotoziie ooofflolcnts, Boae \JL\ » In X95e» prored tho foilXcvlai 
tto07«i«' 
gfaByrcn A> If «^4,0 ead 0 < t < X, tiita x^^fUje L(0,is) 
i f , ana oiay I f t vf*^ i^ < • . 
i?heQgf S, Xf i^O'O aa* OJYjSX, then x'^«(jt)e l«(0,ii) 
if» ana way, i f E a^'^ •k* < "• * 
n«X 
IiAttr on SanottoHi [Xl pirorod tb««« tlitortttt liy uaing « 
diff«i«nt ttothod. 
In X9«t, SbAh [ e ] oxtondod abort tlitorwia i& tlio foXXoirlnf 
fOXMt* 
TtopyiM C> Lot {a^i] ba a q^asX^vonotoaa, 
(i) If 0 < t < X, than C ii^ *^ a^ ia e^nrarcaiat i f , 
a»X 
and only i f , x^ f(at) e li(0,it). 
^£f5 4«**iled lltaratttra eoaoazniag L*oXaaa rafaraoea 
«ay ba »ada to tba raeant monogxapli of Boaa [8] . 
(11) It 0 < T ^  1» tlMA Z n^"^ m^ l8 eoBraagtttt lf» 
audi 
end osOy iff x*^  g(x) e L (Ovit). 
!?lte9r«i 0 was ext«nd*d l»y Bo&s [e l for d*(|tta8i*«o&otOQle 
c«(|ac»et6 in tim foil owing maimtr* 
26S2mJ. J-rt 0 < T < 1, « u H . t {.^i J . . fl.T.aBl-«oiiot<mle 
»qa«ne« with ' at &„ < - . «"«» ^ «, • ^^ ay, eo» ax 
oonv«xg«t <«X06pt p^rMpo at lataffiil nultlsiilts of tn) to f(x)» 
exia E 1?*^ a. ooaTe]<igoe If, and otHf If, x"^  f(x) 6 I»0,.:), 
*jglwo3go» E. Lot 0 < Y ^ 1, and lot {9^] bo 4*<|ttool««onotonle 
Ml M 
fiomieceo with t n^  6^  < «• , tiion £ a^  aln xuc eesroxsoo to 
k«l ** n-l ^ 
g{x) and t n*^ *^  t^ eoarosgoe if, ond oelj If, x'^g<x)e I«(0,T). 
Ibi l 
Soto: Suppooo tbat [au] i e a pooltivo ooquonco tondlag to 
BOZO and Aa^ ^ > - — ^ . tot X t?*^ iL^<«ai idO<t < 1 . 
a*l 
Than Thooros D aaaovta that ^ Ou, • £ a^  00a nx ooaTorgoa 
(oxoopt porbapo at latogjral nultlploo of 911) to f(x) and 
C tt^*^ a^  eottr«z«oa i f and only, %^ f(x} e L(0,ii), Con^dozinc 
T^hooxoM S (i: "* f) part Isaa boon gonorAlaod In a diffoxont 
dlzootion by HaoofMia [ff] • 
• f 
tb* 9Mm f ^ % .«• obtttrr* tii»t BM« had iUvtady Miiai«4 «liat 
h» witbtd to tiror*, Zfaue Mo stgulta <fli«or«Hi D tnd £} gafftr 
f3?QB mQh 9. d«f«i»t» Of Goursft, li» coma ]»T« wroldtd tMe toy 
(eay in ThtorM D) ftseualiig tim ooinr«VK«nc« of - ^ t A^ eo« tue 
Y 
laetftiul of tlmt of ^ » *,^  1» part / - £ . 
/a.3e»^l«f Bojaalo ana to»lc [«] , la 1966, g^AtnaistA 
flMores ii «ad B la a aiffert&t dlrtotl«ai* Tbtj proir«4, asoag 
otl)«r0t tkm foilowlag xeiOlt*. 
gfafeoya F. If 0 < t < X» •^4/0 , %bm 
•» t*l 
x*^  I.r/x) Jf(x) € L(0,3), If aaa only 1ft t a £<»)«„ < •• • 
i i» l 
fh«o»— 6. If 0 < t < s, ii^^ 0, tb«a x^hO-M «(ji) 
e L{0,«), If «aa oaiy if, i: lof"^ I.(a) iu < • . 
awi " 
fb«6« result« »•«« gatovt^catly •xt«a4oa by Tong [3.] , 
la 1965, to qidiisl-tioaotonle soiiuoneos la the folloviag foxa, 
1?ft»orw| H> Lot [a^ ^^  too « ipa»l-«oaotoae itquoaeo with 
« _ - O a o w « » a n 6 0 < t <! • Iffaoa t a^ ** L<a) a^ cemrorgoo 
" a»l *• 
If, aad oaly If, ^ A^ -^^  ^ "n <^ o« '^ coavor««o •vozyvlioMi 
to f(x), oaro posaltoly jc-O, aad %^ ti^/x) t(x) e L(0,ii), 
ThaojfM I. Lot (a^^ tot a 4aaal*aonotoat ao(^aaet vlth 
a^^-O, a a a ^ « * . 
(1) Por 0 < If < l»» If t a? ""^  I.(n) m^ oossrtvgta* than 
£ 1^ aln fix oonr*rg«ji •••xTwbtr* to g(x) ana 
tkmk 
( i i> 0^3* 0 < T < I f I f £ «^ 8l» nx ooitr«rg«» •••X3rirh«f« 
%9 g(x) and x*^  I.(Vx> «<x) 6 L(0,3), tfe«n i: n^^Hia^ik^ 
awl " 
It ma^r be r«»«xked tbut If «• •xaHlne the proof of / -* S 
io fhoovtm B end X we fina tbat It i e itiffiolent to aestaae 
t&At [n^] i e oiay A poeltlTe etquenee* 
fbe Chapter f of tide tbeeie i e ooneemea »ith the 
generfilieation of tUX %b» reeuXte etated mbore, %e prove tl» 
foXlewiBi tbeortBe, 




( 1 , 3 . 4 ) at*^ I»<Vx) fCx) e fcCO.is), 
(X«B«0 holds* 
XMMJES&JS* (1) i tsi [A)^ } i f t ^ ^*jB,«ii,r?ff<^<>tffM,, fryqtfffflgj 
mil '^ ttml 
we 
££gXiXES&lt J ^ I ^ tXnm. ffpfiTffg«f§ fyfgPJtWW Iff s(3e} 
n»l 
Ja €i<x) Mdi x"^ 2.(Vx) six) e 3.<o,«), jyasa 2: »^*^ ^(a) «« 
1 " 
,ftanTt«fl„IiMfIt [ m^] H ««y ifQti»nc« wMeh Ifl wltlaafly POflltlvn. 
1*4 B«c«ntly, HAttgKWA [1] has prorea the fAUowing 
Thtortst* 
T^Qgt^ J* L«t f(x) bt lA evvn fuaetim* oontinuous on 
(Otii)t «ad It t !%• Fourier ••ri«« h« 
•10 
a , 4.1) f<x) ^ ^ m^  • i: a^ co« HE • 
i^ ppo«« timt a(x) i« an «T«n Ametlim* ponltiT* and n«n-
lncr«ft«iiig on (0,tt), that x a(x) e t'(0,«) tnfl ttiat ttwce i s 
« poeitir« niiabar 7} JS n iueh that 
t f X «(jt) te ^ C a(t) for all t. 0 < t jj i), 
0 
m ft 
If the fStriaa t K, f aCx) dx conrargaa abaolutaly, than 
a«l ^ 1 / a 
tt^ Fou«i«r earlaa (l«4.l) eozxvargas iinifozsay to f(x) and 
( ti%) • f(m) ) a (x-a) e l»(0,it) for aaeh B* 0 < a < ti. 
•tfaBorta g. £et g(x} ba an odd function* oontlsuoue <m 
(0,n), and let Ite fourler aartaa 1»a 
(1.4,f>) s(x) r^  2E b aln nx • 
I 
Suppoaa tliat a(x) la an odd function, poaitlva on (0,ii), 
tlMt xa(x) la Labaacaa Intagrable and nonHnertaalng on (0,f.) 
and tMt tliara la a poaltlva ntmbar f} ^ « auoh ttwt 
t l a(x) dx i C «(t) 
Vtt for all t« 0 < t j$ !}• If tba aarlaa £ '^  b. / x a(x) dx 
n«l * o 
eonrargaa abaolutaly, tlian tba fousiar aatiaa (l»4,p) oont-trgaa 
umfeittly to g(x) and ( ffCx)- g(a) ) a(x*a) t hiO^n) for aaoh 
•IX 
e f 0 j^ s ^ «• In yftrUeolftn in efts* ««0, F«r««vikl*« 
foxmulft 
li^d«» »bir» Q^ *e are defined l>y 
% * f f a^ )^ «in aat to f 
and tlie aezlts £ «^ ^ conrezgee «l>eoXut«ly, 
In Oiuipt«r VZX , «.« hare obtained certain gcneroXieaticms 
of f!2£orMio ^ and ti, for exmiiAa fheoras J iiaa been gtnereXiead 
in tl3« foXXowing foxci. 
In what foXXoMFs w« ae^we that a(x)» ^(x) ana ^(x) ara 
positive fiinctiona dafined oia (0»«.)» euon that aCx) p(x)e I<(0,%) 
and a(x) ^ Cs^ } ie either aran or odd* 
/|J(x) «(x) dx i C $. (t) «(t) 
0 * 
iauiUL*t 0 < tjjT}. sjMii $i<t) •//j(x) «x. m m 
-18 
m % 
mxiMM \ ^g, / , a(x) ^(x) <lx fffflBTfgfifl •\>ff9tH t^iyt Jllia 
ft>l " l / a 
t*^  rpvrtfg efrt«i U«4a) ?9pyfggfi w t^^ afty tg '(ic) JM 
• O (x) , 3t - 0 . 
% taking V' (x) » 1 it»a /!$(ie) « x w« c«t tlworra «^ 
On the ottmr imnA If we tiik* ^(jt) • }c ana ^(x) a(x) « 3(x) 
In fh«or«n St «• gtt t^oeorta J in vMob ont of oar conditions 
condition '*ii(x) J^' '* in ^heortia J* /CL&o wo oactond tho ooopo 
of our tJb«oreffi \& aseuminig timt ^(x) i s oithor erron or odd 
instead of reetxioting i t to bo et^a. in timotma J. llue our 
a. 
ThoorMz isAdtfinito ^entr«lisiition of ^hoorsa ^. 
•^8 littKanmilYgl trtgffttMiflilfi, ttiitt t 
Coaeoxni»i<: tht intogrobiXity of tzigonwotvio sorios for 
p 
L elssst Hardy and LittLowood (aao l^g»iind[Xl } proirad ttoa 
f O : \ l O i i n g tlMOZMIS. 
If aiivl/O «MI l < p < « * , tbaa f e L (0,«) 
-13 
i f and «cly If, T rP"^ ^ < « , where f{x) '^^a^^^ a^^ ^ co© nx. 
nsX 1 
: i rJ . lcr tiieorcD feolde for elne ecrlec. 
-hey el CO obtained tli© foi l owing dual tfaeor^i in wMch 
accreaclos eoefficiente move r© >l©ctd by a ^^ctrouelim function* 
gfeeortia t'. I f f 2 ^ ^ ^ aecrtaeee» 1 < p < n »itt3 a^ ^ 
ar© the i^ouflcr codtne ooeffioentis of f, tfeta r lfL.1 < » • 
1 
i f , ma only if, K f^  € 1.(0,^). 
/- GirJ.lr.r rcDilt io true for cin© ©eiAes. 
2n 19SG, ihcoreD :J I/®C ©xtended l»y Chitn [ l l i n tb© follosfclA^ 
0^ *» 
fOEE, 
V^icorm U. fuppoc© that a^ s^l/^ * t(%)m '^ *^ T, e^ coc ns. 
Thtn for p > 1, 0 < t < If x^ t^U) 6 ^(O.v,) i f ©nd oifl.y , 
r n^^*^ a^ < ••. Tiie result io el go tru© for sine eeri«©. 
1 
ite lias aleo eJawm tUat i f a^ j i© ultimstcly pOEitiv* and 
(lecrtiasee ateaaily to g«ro ae n •• «*, t&ea *heor«£K v^ s^cmina 
tru«, 
i'«t«r on ha [33 fcrtendea MK reeulti; to othf-r veluts of 
I, Hit re^ultr wert' eubeaqutntly cxtendad by •ioberteon £1] 
•14 
for thi caee %imn [«^] cms be partitlcmed Intok nonotoialc 
A different £lnd of ceneralligation he© hten aiemapsea by 
CbcnC [e"] ) [3l ) In ^reat detail e tn a cerleo of naperc wMoh 
cener&llE© oot oiO.:; ttie power funotloa nul t lp l le ro but also 
th© h^ elarcce. 
l.jtirl [l"] , In 1960, obtEdnca a tiicorea ac an exttapion 
of 'ilieoreia .% in a M.fftr€nt directitm» ^hio tibeorca wee 
cubcequently ^eaeraltL;©^ by Vong [ r l for qucci-aoaoton© eccueacee, 
iiio theorec i c on followo I 
yiscorca :*). £ot [oj^] be Quacil-oonotimc of c < 1 end ciJoIi 
If p 2 ^ s^^ 1 > > > 1-Pf til 'a x * L^( /x) f (xj i c iotegrable 
1(0,-) tf, end only If, F. B**^"^ JE.j,(n) i j cowcrges, wbere Lj^ (x) 
L^Cx) are " los ly inorea&ing " ftmctlono in the E«ns© of 
^ e n ^ i t e andl f (x) •> ^ w^. <^^^ '^^ 
X 
t i sd la r r t su l t hoiao for sine eeriee for l*p > > > l*p. 
flkartv '.nd ? eoaev [ l ] Imyc obtained a theorem for Lortne 
rpac© t ( q,p > , Concaminc the apftce T.(r,3e) '^akey sn-l v alngar [ l 
^ ' € say that a function ^ e X«(q,p^  (l<p<«'t l<q<«) l f ( t / ) 
e !• , wlhera /S i a j0 rtarrangad in dtrcreaping ordar t i .a . ^ i s 
tht daeraarin^ function aquir.aarurable v^ith /!. .similarly 
^a^] C / (q ,p ) if^n^'^-aj^] e i^. 
-16 
In 1866, tmve eetrbllshfed ttm followrlng th«or«ae, 
iheoreia ^. hat £(T) € LCp»a) '- I t b 1 S V < "^ "^ < « p / n - l , 
« n 
Let f (x) —^  B ^ coc iMt vvith a^ j ^ G end A^^ • Ji a. , then 
r n /L^  <«»,Giia K n*^*^^ £ ^ -'^ ci»P) II ^  it . 
Ztel Xtel P»0 
/hccggm 0. liet l j C p < « » , - l < a p < P*l» L t^ppose that 
®^SQ5 ^^ ^ eequeiio© of rrumbere moh tkat Q^  *• ^ ®^ 
„ 1 
« » - « * » P ^ /p *" 
'-iisl k«n ' ^ ^ 1 ^ 
i o in UP,G) clac© r'nd ||f |1 S ^^CctP) J-' n^*«^*^( F. lA ©j^ l ) , 
v.her© A «^ » i^c * ®k4-i • 
Irop tticorwao T- itiai ^ they deauccd tLe followinj InterertltM. 
r«f?ult, 
Thtortsit ??« 7*©t {a^l bt a porit ive seQUcnce tending: to zero 
sittfl ^n a^] b« t^onotonlo decreasing for some noa-negatlv© 
integer k . Let 1 i p < *» etao • ! < aP < '^-l* ^htn a ne-coee^^x^ 
end awfficlcint condition that f(xj <* L(p,ir) I r that 
1 1 
Later on Khen [ l ] In 1968, obtelned «€Vt^ r«tl resul ts Invol/lng 
L(TJ,a) elaee, *htcii genezmLl«e a l l the ahovt rft-»ilt» for cosine 
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rc«lee. Ctoe of Mr typical r e m i t I© aa follows. 
A tot, organ ?i. Ltt [ A ] b© G poeitive sequcitKje teBfllng to eero 
an<3 {n c^j t>© conotosilo dicorcaalai^; for sose non-iicgatlv© 
l»t€£er k. Xf 1 j£ p < «»» f^ <3 -1 < ap < p*lf tbtsn L / P U ) f(s) 
C £(p,fs) If^  tmd oflly if, i: n^"^^**^ L(n) ^ < « t «si^re 
f (s) -- 5* a„ coti nat. 
1 ^ 
In Chapter Itf or the preeeat tlifcclc c;e fccve obtained 
certGln ,:;ciieit?llKr*tlca of e l l thccc tbcoreinc. A aucDer of 
rocultc Iii^ vc 'oc€n o-Jtained. lone o* tl^e InterCDtlag reculto 
©ro oo follo©0 • 
X l-fatoren 4. M l M /as) i ( i ) f(s) C hip^a, V,Kt^ 
CO 
1 J S P < ^ * 1 < O P < p-l» fiicre HT)^ t ^ co© nr, t 4 th o^ ^ 0. 
1 PtCK 
p VP 
C J; aP-^P-J? >P(jjj y,(jjj ( A ( A « 4 l ) ? 
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< «» . triaea 
llMVac)!. (Vx)f(x) 11 S B(a.p) ?: a^"^I>*V (ii)i^(n) ( K | A ® J ) 
p»a nal 3«tt ** 
OB 
ao X - «j for cos© meUX 6 > 0» ana f (x) ^ S QL^  CO© nx, 
1 
Combining iteoreiae 4 end 6 vs-e dediuce the toXlmlng, 
V^xort-m.e. Let [ a^| bt-: Q,so:-;ltlve f^ ecmeace tcnainr!...to Ecyo 
mt {^ a^] toe L:o2iot'>nlc.dfcrcfiPt.in.v.for..g!Oae._if^al,_iipml)ejr k. 
X 
K aP"aP*»P"S j^ j^^ j Q^  < «• , wfaege t(s} r- r CL, COC BX . 
DMX 1 ** 
P 
! • € Intg^^gBi^UiI;?,„pfMlfiif%ttin,9aetti,c„ ,c^,al,fi£ ffig ^ ff^fgs 
. t t h positive cocfficHintfl. 
lii the prevlouc ecsction «^© stufllefl int€j^,i^ibill ty probltoa© 
P 
of L eni otfciiif eetjocli-.tea clauBes teltli aonotonlc coefficients. 
In tMe cotiaectlon ".r.^oatt jslettl the question es to %hat wouid 
Jrimppen i f tbt c<m4tloa of r.onotcaiicity on ttm eofrfflcitntr a^ 
I F rtplK.c€di by the conJltion of i t s non«nc%;ctivfcneK!s. '^ -^ ivltty 
gffire an «x»ir|)l« to «jei«on«?txmtt tnat tn® ccm^fition ^n?''*"^*'^ «L < • 
X ^ 
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for p > T ^ ^e at least not necceoary and sufficient condition 
for tlie function %^ ti%) e t^, Hos/evert Boao [4] founa a 
neceoeass? ana sufficient conaition for e^oh e cae« in a different 
foim# iie proved the follo^i^s, 
^hcorca T, I f a^ 2 *5 ^J^ % ^ ^ ^^^ H'ouricr ein© or 
cocln© coefficlcntn of a l^mction ji&{%}t ena X<p<«if 
ttien 
•* P 
if^QilCi only i f i 
or equivQlcntly 
?. n^* *- ( J: ^ ) < 
P 
r;*jnr«minL tfae function instead of it© Fourier ooefficltntf 
a^ • /i^ey ©a;* Ikiue [ l l provta © nuisbcr of thiortai!!* One of 
t l i t i r regultc i e ec follows. 
Thcert^a TJ. Ltt >(x) vi/ on (0,it^, 5 bounded btloxt an«1 
IE 
/ acd <tJ(ic) f i n i t e co tteat dJ imc , , tnrr t l t i :€d einc coef f ic ien t s 
o 
* ' « " ' % / ^ ° ^ dC5(x), I f 1 < p < « ana h < \ < 1* i , then 
" " Q F F 
D *< ""I^P/D t T5 
[n^ bjj} e £ if^ftnd only i f , t / r dS(ic) e L . 
o 
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?>oc» the i r reealtet A^€y firti y.otts «5«<!uce«! a nuaber of 
m t e r e s t i n j colrollartte. 
;.ccently r'aehar ©M 'iiitas [ l l hcare g e n e ^ l l ^ d a i l tli« 
main reaultc of Askey iM .'soae ll"] . 7hQlr QisncmlizatiQn of 
Sfceortts U i c as follcs^e , 
Tiacog<?R 1^ . l e t G(x) ratlefy the oonaitione of Shcor^ U, 
I f 1 < n < » end >(T} lo a pocltlve ftmotloii euoh thot 
l 4 a 
( l*?. l ) K >(r) I s dfcejpeanliaa for coiae e@alt 5 > Q , 
(1,7. ?) 3 ^ ^ * ^ Mr) t •«•*» for cmss scell 6 > D, a© x - «» » 
* I C t \ I f sua only I f X x^, thea [ X (n) t» } U, m6. f^  ( r ) t ^^JMHIS) 
n 
In Cfcrpter XII of tMe tbefde me feevc crtcMlcbcd faar 
theowme wMch gentrsllEe vortous rceulte of r.aeliar and '&hjn [ l ] , 
•Stoe for ©sample Theorem V IMC beci; gtnerollKed in tbc followlntj 
fom. 
If 1 < p < «» , -1 < 3p < p-l» then 
{ n % ^^in)h^] Cl . iX* '^ nd only if . l- ^ ^ ( | ) t - ^ - ^ / P ( / K&H%)} 
• f O 
thcojpemc iBVOlviiiii certain Inespel t t tce for Touilcr eerlee. 
' 1th t e help of COKJC of tb/i^lT resul te thejr fccv© obtained 
a tlifcoreB cocycectlnr: aoaotoiaio dccreasln^; !?<5urler coefficients 
^Itii the correepondlDij ^enejKatlj^ ftJBstion. w© quote fcer© 
on© tyi^lcel re ra l t , C© irrit© 
0(x) « / ^ 1 ^ at. 
yheprwa i>. Let p > 1 enl © > -1 eur' I t t f be a non« 
negative* nonHnoreaelnj ana Intejrable funotton on (0,r.) . 
Xf jc^ f^(xj Ic tntcgrable, t ten «f© bave 
m t3 p I* p / X* Q (^x)53t i A / x®( f(f)- f{x> )• a3s* A{ / fix) ax) 
o o '^  fyj! 
'hhmx^ /I lf« 8(»ie poBltlve constant. 
P 
In rhwpttr /I v^© iisve repleicod th® rpedeil claes J^  of 
function* by B more general claai^ h ^ catlsfyint, certain 
propi-rtleft . Our resu l t t generalise a l l the theoremo of 
I'., Issual find '~, Immi, 'CMB for cxez&iDle Theoreis & b&n been 
"PI 
generall£;ed In the foHowizt,, oonner. 
111X958, HoywoodEl] ctudlea thi© Integrabll l ty of po^er 
coriee £»iid proved f,.©v©rGl t&cortcc* ^-io K©in tbGores 1© os 
follows • 
OB 
-^ ^heorm. K, Let f (x) « >: € ^ x ^ f % 2 0 , 0 ^ s < l . 
Ttocn for t < I t 
a*xi f(x) e x»<oa) 
If, aud only if, 
n .1 ^ 
Lat t r on !IB [j»3 ^^eaJceaca the IqrpotlUisle of poeitivenues 
of tine co«ffleifent8 9^ by replticln^? i t with a^ 2 • " ^ ^ • 
n 
• S > P 
€ > ' j . H« proved tine iolXming thtsorem, 
XMoygm t, Lup^OQe tisst f (s) m t & ^ tor 0 J x « 1, 
•» < X ena th^t tber© io e pooltlv© i2wat>©r C guoh tbat 
a^ > - - ^ Q t for oil cufficlcatly lars© values ot n, Z bela^ 
n 
cC83t poeitivG conetant. Alien (l*x) £(%) C l»(Oyl) if, eatl 
oaly If, 
09 f l 
In til© Bane year, ^crnicdy [ l ] replaoea (l»s) t)s? a 
cciaercl iote„rablc function tulilch contain^ Clitorcia \ for 
0 ji *t < i . IMB alEO proofed- s ;;ciieral tbt-orer^ «.m.cli routiiiue 
ifctorcic X for t < 0 • Lcasc of tlit* theoreisc of *I©yi.ood v>®r0 
eubeet'tteiitly a«-o«reXlsed by .>oas ena OoaEalJEE-rewia'S^E [xl • 
Chen [4] mrJie certain c:«-a©x«CllEatloii In another dlrect loa, 
Iifcter oa lu 1964 r^  creep [ l ] proved come tbeorcme on 
lntiv.rabill ty of po^cr e©ri€c InvoXvlAv^ Ceuct^ latecrsl® . 
At7is«y [!"] aaa At'>£ey ana -oas Ef] feivc p^ tjfvcd eevcrssl 
tiitor«®6 on tfe« Intti^rablHty of power p t i l f s ^ I th pori t lve 
cotfflelfcntn for iP CISSE. t?ec«ntly, /-hen [ f ] end i' azhi^r 
G-nd Khan [p] gtntrall^ied th€ rtgultg of Aekey [ l ] &ii»l A©key 
-23 
and Boas [23 ^lie r e su l t of Khan, which deals with the case 
a^ 2 Of Includea as a epecial case for p-1 the theorem of 
Heywood (Theorem X). Almost slmultaneousLy» L e l n d l c r [ l l 
generalized the r e su l t of Khan. 
The question a r i s e s whether i t i s poss ib le to r e l ax the 
condit ion of pos i t iveness of a^ ^ i n the theorems of Khan , 
In Section B of Chapter I I we answer t h i s qpiestion i n », 
aff i rmat ive. ?/e prove the following theorem which inc ludes 
Theorem Y of Heywood for p=l. 
oo 
Theorem 9. | jet f (x) « S a x ^ , O j ( x < l j M Y < 1 . 
o " 
Suppose tha t there i s a pos i t ive number 6 such that 
%. ^ XTp+l-l/p+e ^° < P i ••) for a l l suf f ic ien t ly l a rge 
n 
values of n, Uhere K i s some pos i t i ve constant . Thgn 
n D 
(1-x)"'^ (f(x) ) P e L(0,1) ilf and only i f 11^"^ £ | a^l) 
k»l '^ 
conver^eg. 
Recently, Vioyczynski [ l ] proved the following theorem 
which deals^with the equivalence of a number of statements 
per ta in ing to i n t e g r a b i l i t y of power s e r i e s . 
OO 
Theorem Z. Let f (x) « Z a,^  x^ , 0 ^ x < 1. I f Sj^i a^i+i^ 0 
in » 0 ,1 ,2 , ; , . • , ) then the following four statements are 
equivalent . 
( i ) f(x) e L ^ (0, 1 ) ; 
(11) g( t ) s. f ( e " ) e H^i (0,2ii) | 
( i i i ) [ n aj^l e L ( | (W,'N?) I 
^'PA 
(iv) 11.^] e h (jCii, V ) , 
wbcre $ C A H t: A YF# d^«« dx • I»' otaado for th© c©t of 
*• c t 
^ 1 positive laterepQ ond v lo the meaoure on E conoentratlno 
tao EiacG n at t to noint n C H , on<3 J3^ » &^^cx.^»,, * % • 
tcotlosi A Of Chapter IX decGic t d t h Q GcnerallcQtloii of 
theorem 2., w© prove, thio foUffsrlng tii€<>resi, 
« k 
(1) (1-K) $ ( f (s ; ) C L(0,1; I 
(111) r v?"^ (J(a Sjj) < - » 
H a l 
i i « l 
1 tccKtly Bo«E [67 has proved the folloftln,.; theortn for 
-1*6 
'^ouritr ttBn&SQme by & method ^Mck i e rather more direct 
than ti:u>®e tE t tuxtc bteu ueed for eirJilar probleme about 
ii-'ouricr ccrles. 
xfc«Qram A*. If f(s) J, 0, x f(x) e L (0,1) , end 
' (jK) » -^^ / f(t) Gin set dt , then ae^*^* /^ P(3t> C h (0,«») 
« o 
provided tfcmt x**^  f(3c) C !• O***), .^ her© p > l ! i n d " - " J < ' r < ^ 
I t moy be r«:i;p.x^ca ttoct In Tfeeoren A*, t t e condttloa 
X '^ ^^  fCs) e h (0,1) lo redundant. In vie® of the condlttoa 
K** tin) C X.^  {0,«^. 
In Chcpfter ^11 of thie tbneie »^e obtain o thcorei in 
uhtoh w® hrv€ replaced L^ ole^^s by a more general clee© h^ . 
Our tbtorec i s ae follows. 
iMg£&J t i . j u i -'(K) I??„^.£%m,Jsmmism PS. ^(g)« 11 
f(x) 4 0, x"^ $ ( f(jE) ) e UO,'^} iiafi -1 < a < 1, tucn 
J P * ^ £i>(K '••(is) ) C L (0, «»), y.,^ yf, c§ ix) I s fi ^mYM 
I t Vim be obferred tha t for $ (t) • t^ , p > 1 , 
«>e ^et *tooreiD A* • 
OS f a i jMTmMJBihiT[ Of POWER amirn^ 
e.X A iuiii«d«er«Miiii« eoatl&uotts v*iil»T«littA faaotloii 
$ (l«flttti on tlui ii9ii«ii#c«tlir« hslf Xto« iiid T«Bl»liliig onXjr 
mt tta* osigtzi will to« e«ll«d m Oxaies funottoa (Of), fimotio& 
§^ e OP &0 •«ld to MUpfy A^ (« > 0) eoiidltlea for X^rg* u 
If tlLivt «r« oolivtHato 0 > 0 «ftd u^ -^  ^  "^ '^^  ^^ "^ ^ 
^ ( « ii) S^ $(»)* tt 2 % * A eonrox Ofiles function c§ 
tt«tl«fyiiig tlio Qoaditions 
urn l±> . 0 «d 1^ « ii^ll -
i0 OAUOA « louBg fuaotlon (Y9>« Timet ion ^ liidongo to Tf 
i f f i t aHaito m ro»yto«Btotion of tht fom 
5 (u> • / pf(t) at, 
o 
«liox« ^(t) t t 2 Of i t pooitiiroy jl(0) m Oy eontinuouo en 
tlio vlclit, non«<l«or««tia« md | i 2 ^(t) • • 
^ Stotion A hmB ^•m ooooptod for yubXieation In 
^t diMt* bj K tlM olftM Of Orllos fimetiont ^ wkltli 
satisfy tli« foUowiac oeadiUon of IhaiioXXMftd W • ** Tlisr* 
•xtet • «oar#x ftmotisii A t ^ > X tf^A 0 < « < i» «adi that 
th« itttqEuaXit^  
A Cu> S $ (tt) Ji ^^  A (tt) hol4« f©r A i U. 
k »9^me9 [ti^} 9t iion«ttt«etiT« nuibtnr ! • ••14 to b« 
qia{i8i«iB0iiotoii« ( Oh«b Cll | Ssaoa f l l ) i^ for •OM a > Ot 
^•1 i -Vi < ^ • - ^ > • 
^ oqitiTalimt dofialtloa of qpaal«jionotoiio ••^•moo i s that 
11*^  1^ 4^  0 for mm p > 0 ( Shah |>] ) . 
^^ •t X'^O^t M )» «h«z« $ e A i h« th« OiHioa 0P8O«t 
i*e»9 th« aot of aU eonpltae •aLiiott ataaarabl* f^etioaa f on 
a tttasiira ip««o C;<f A^ ) imoh that tha aoaular / ^ ( If(x}| ) 4 ^ 
la finlta* In thim oh^ptar hj Bar4yJ}rlloa apae« ^S ^^ 
aatfi alag^ a aloa^d atibasaoa of 1^  ^ ( (O^es) , dx ) spacmod 
OTor triffonoaatfio polynealala of tha fom 
f(t) • E i^ o^* . 
ffhia ah«9tar eonalsta of two •ootioa. In aaotloa A 
«a obtain a goaarallsatioa af eartaln raaiilta oonoaminf 
OfiiiTalaaoo of aost atataatnta yartainlnc to imtofvabUity 
«>BB 
ot « power 99rt99f whil* in •toUou B» «• mtn^ iattgrablllty 
problMk f!»r A ptmmt nifrlts vn^tr e«rt«lB f«tb«ziaA oonditioii* 
SKCflOif A 
g,e S«o«itljr» VQfewjntUti [13 pi«¥«d the fonDwing tii«oi>«a« 
loo 
^' '^ '^  *b«l •^  ^ ^ '^  * OyX« $,«•*)• «h«n tlio felXoviag four 
st&t«!8i^ tjB( ar« •qiiiiriiliiit I 
C».g*l) f(x) e 1* (J <0, X) I 
i t 
i2*B*n) git) • f(« > e H^ (0, es) | 
wiMX* (fe/^r\ MO¥F« « /u » 4xt V ottfid* for thm ott of 
•ill pooitlTt iatogtro mA v i s tlio aio«ottr« on 8 oonoontrAtliig 
tht mtmm n m% tlit point a e V « Md A^  • •.^ •^ Oj^ O^ji^  *•• *W* 
Za thio oootioB oar objoet io to obtoin * gonoriliattioa 
of tbo iibOTO tliooroB. to d«ioto tharouibotit this oootion by 
B iwWh or »Ulwi% gaffixM) « poiltiY* o(Mi»t«i%» not aooooovrlly 
tlio •••• at ooelk oo«urr«i«o« 
Ve fsoY« tli« followms fhmentmtk 
o j i x < x « IC ^ i ^ l j l i ffl flttftrtaiWMitgat itattttflf mcfe j & i t 
0 jLt < i» tfegi tfti Cgllftylai iQHRiiiiliilfiWiBiitiiiiri tgHlfiiltPt * 
Ce»i!.«) X $ (ff(# *) I ) e Mo,%) | 
1 
vhort ^ • •^ • \ • • • • * "^  • 
e«8 to roqplro tlw foXXovl&e IMHAO for tlio fvoef of 
f JMoroa I* 
I r t l /* (ioyoiqraoitiri] }• l ifl X* ^ MA 
Apim X* tfZ ( O l O ) , 11 ^ i X» 
•30 
l]UUtt H*> • / f (t) 4% «ft« f (t) J^  0 . 
e 
fCiO • / f (t) at. 
IttHia^S. (4 ik^ tad lalagcir Tl^ ] }• j^iti [ i^] l&i. 
ffliigtii.i.^iii I jtii II iflfiBtiii i t t a i t l y t . I flomtiMrti • 
2»4 gyoof of fliaQgaia ! • «• tih&Ll pv9r9 th9 foUdwing 
ia^lioatiozii I 
(I) («•«.») <«=> (l?.t.8) •> (8.«,a) 
(11) (t.e»a) •> (s.«.7) •> (t.e.0). 
yjttof of (e.ff.5) •> (£.s,8)» w« writ* (l«x)«yt *iwn by 
T l ^ . . f t » . f . . t th«t ( 1 . ^ ) ' ' (> .1 .C.„ . ) 1 . « t » « r . » l » . 
••ilttiiievt wt hgw tor -^ S f S J • » 2 « # 
^ Xm Xioma 3 tlM «tttli»r« Intro msousttd tiMt k ! • o peoitlro 
iMttif 07 but It offi bo ooollj rorlfloa tluit tlio IIOSMO roaolno 
txuo ovon for Ic 2 «^ 
1E«0 le«o 
Jt (X-J) n n 
» ' ir!o "^ -^  * ^ 
Tibtta « • g«t 
f(1-^) 2 i ^ | ' * » sJr-^y-^ n* (a. B»5,... )• 
• t.« «• jrn t-g 
E a $ (4.) '^  ® ^ "^  * $ CA _, )dt 1 " i n f 
1/8 L /^ttJ KtaS l / i i* l ^ ^ 
*/8 .t 
• 
i a^B / ( 1 ^ $ (f (X)) «3K 
• 
< • » . 
-«t 
ll«t l/» 
4k ••••••» 4iA|^  M IC 
i i .e 3^ /,^  toi« 
< B £ a $ ( i: ^^  •< ^^-ff ^ 
<B tn $ ( 5E (1-4^ / »l ) 
« . ) ) 
j£ B J a 
awS 
• B a k) ) 
< B E a ( | ( E B, (k*X) • *^ ) 
a - t k>.© 
< B i: a $ ( V ^ "• • 
mm2 
«4IS 
X 3 ( |Rt f(«^*) \ ) mA / $ (|X» f ( t )) ) Mft both 
i n h (Oyti) • 
|H« f(« ) | • | \ * £ «j^  o©« kx I 
n , « , 
-•St*i^^^i^sV»>-^V»>' 
How 
/ x*'^ f(>«« fU^*)] )«»- f {/a*i*"^$ l^** '^ •** '^ *^* 
•»34 
i 1 J « #C» ^ ) 
1 
1 * 
lilm>»t tli€ 99m% pfoof r«mfttn« Tali* 3f«r 5t (II« f (• ) I ) 
ie(t) • B« fC*^') » act) «• / »(x) ajt, 
t 
<4 A 
Ej^(t) « tio 1^ • * «j» r® <!• oo» J.t) 
a • 
i t s 4** «j. -tF "T^ • /»*^ S^ S M 
2 • t* a i^  . 
Stoat 
^ B /jc-^ ( | ( - ^ / | R ( t ) / dt ) dx 
o s o 
s V IH(X)1 
^ B / x-^ (| C - — • ) dx 
I B A * ^ c|C|r(x)|) dx 
i B / x - * ^ ^(If(•*«))) dx 
9 
liy 1«tMift 1 md ^7 Ylf^9 of tht taypotlMtis* 
2XSftLjl.(t.B»7) •> (e.B.8). I.«t «(x} !>• th« funetloa 
• f i s l %• A. i f aJL 1 X < a, iuil«e,. . . , «ad X«« A(x}«Aft(t)d%. 
flM ««wii9tltA t n^^ $ (» i^ > IxpliM tJurt t^-* $ U aU)) 
.86 
i s int«friS»lt on th» IJOS&UT* half l int , iKid lijr rivtam pf 
LiKsm t ( • • Y*« < -1) *^** $(A(t)) It tot«irrt)l« M w«n. 
But this i« • i^lvaaLfiit to tin* o(mT«r««i(}« of th* ••rl«« 
this pfoir*» flitortii ! • 
R—I'iri : Oar ptoQt tUmtB that tht laplloatloa : 
(e,t.5> •> (t.e.e) holds tfu* unasr a ! •«• rsstriotlT* 
ooaditio&f Bamtly i^ 2 «^ ^^  «^ «)^ «o imom (Aiiletf md 
Kaiiiii M ) f^e** («.S.e) •> («.8»8) «ttd«r ©•rtaia l lghtw 
ooaditions, ntmtSky 0 ^ Y < e» 4^  l&oiP«auiliig« poaitlva AStd 
f»oinrax* 
SBOflOB 3 
t.S H«ijr«ood [si piovad tha tollQwUig rasuXt • 
fhaogaa B. Suppoaa that f(x) • ^ CU x for 0 ^ x < 1« 
o 
Y < X and that thars la a poaltlva nuiihar e aueh that 
- k 
8^ > *-!^ f for all witfloltatly larga Taluaa of Hf K halag 
II 
aoaa poaltlTO eoaataat. than (l^x)*^ ?(x) t £ (0,1) i f f 
E a |<^ 1 ooavaffoa. 
fht ohjaat of thla aaetloa la to ohtain a ganaralisatlcn 
of fhaovas 1* 
•ST 
t*i ^« prov* tlui foUowing result : 
mat 
o 
(s .e . i ) «L > , ; i^ ( 0 < p j ^ - ) 
^ jM(uVp)*e 
afair jiHl jmfglfllwitir l»ygt Yilttti of &# ji&ijat K iA.jfiit 
wrtttyc wiiirtitftt* Slue, (i*^}'^ (1f<ie)|)' e 1^ (0,1) m 
It w@r t»« ff«»iutl£«4 tbiit lA Tlffir of Xi«ara« 6 sad Absl*a 
trtfisfovs»stion« our fhsorcn inodudss ss a special oass for 
p«l ths al90irs thtor«» of ii«yiiooa» 
S*7 It rs^lre the follo«lns lemmo to prore fbsorsM e. 
ItiBlft 4. (fltolwtrsli [1] , p«6S). | £ b la ft (iaBftlial» 
llkMii 
' ^ X f Aft X 
o 
O X x < l » % " « •^ J B f t Y < l . Ifeun f XftC 0 < P il •• 
k«l 
JL -T P V P * T»8 « 1/p ( / <i.x) (f(x)) ax) < • l i t C s « i j ) < - . 
o X 
•98 
liiBA ?• (i^ oajrusUKeT [ l ] • p«83}« l C o > l f O < p < l , 
S »** ( 3E O jj E I! »•* (a iL^ ) . 
^•8 Pyaaf of fi»oym g, @e amsf mipiioe* witl^iit loss 
of tfoy $mL9rAitf f^T" • 6 ! • not aa Int^tr* ?hLa irlll 
mmv9 tho cxl8t«n.oo of th* OflOtta f^otloa at ftll r«X«rmt 
polats* I«t 
t mj^ , for 0 £ X < 1, 
a»o " 
tii«tt» slaoo 
a«o /(an) I (*5»- -fi) 
.39 
t « li«r« 
a p 
hy htimm 4« It follows from (8.6.1) thftt <\| "^  % <^> posltlT* 
for All. «iffioi«atXy ].«S8« vaX««» of a. Siao* 
^(x) • a(») • t <«^*i^) 1^ 
BMO 
fov 0 s,M < 1» Ztoiwft 9 now otaovo ttukt 
il^f ( F<x)*9(x) )^ € I.<0,X)f i f f £ a*^ "*< * ^•• ir ) )^ 
Oonvorgto. 
B^%t (l«aO ^ x^) ^v * Miltii^o of (X«x) «na 
tUtroforo iatogiraMo L In <0»1). Mortovor (i»»d.l) ohovo 
fhoroforOf It follows that 
(l^x)* (lF(x)| )^ e MO.l) 
I f f 
k-»l 
f iMo ^ t tliooroa ! • provod. 
Cli»pt«r XXX 
a a A fUi»oti<m pix) in Mid to btKmg to %h» «&««» L(p,a) 
(Aslc«y and ^Alngvr [a.1 ) If 
K p up 
/ r/J(K> 1 (sla ay «3t < - • 
a i s ft real mmber find p > 0« 
L« d«fi&« tn* ttozsi of ft fuaetion /&(x} 6 I«(pta) fte I 
/. « P ftp -^  / p 
fipU)lt • \ f\Pi^)\ (ftlnx) dx ] ' . 
P P 
Xt l e ttvidftct tliftt tCpvtt) •> X» for a < 0, Xi •> L<p,fi} 
P 
for ft > 0 and l»(pta} s I« wbov* « » 0* 
fhroughottt tMft Cliftptvjrt ^ with or without fuffixft*, dftoetfta 
ft pOftitlTft ftORfttftiitt atft oftooAftftriXy tho •««• ftt ftoeh oeeurrtneo. 
3.C Oonecxnlag tha 7ourlar aarlaa of poaltlva f^motion* 
Aakty and Soaat l ] prorad tha folXoving thtoraaa. 
th^orf A. L»t Q(x)^ 9ii (0«it)t ^ b(»md«4 b«le» and 
n 
o 
fijiit«» CO that «0 tme is*tt#x«3Ll««d tsin* ootfnolciits 
It l . < p < * mxa | < t < l ^ » i tlwiii [ a 1»^  } € 1 
if» and only i t 
t / X i8(x) e I* * 
ThftoyMi S, !*•% f(x)>lrOii COt«)t f boimdtd UOkm and 
/ X® df(x) 
n»itt* t9% 
S • * « ^ ^^ * ••• ***^  *'^ «) 
b* tlM f«A»vaIiatd 09si]k« eMffieiwits of dr. Xf 1 < p < « 
•ad • < Y < •«> /ft tiMHi [ a 1^] t ;^  if» aad only If 
t-«-*/f , • • P 
•4« 
P 
vimx9 m^ %T9 tim Fooxivr eo«ffiel.«ttte of 4F with f monotoniot 
tlMa 
t [3P(t> - f (0)] e L » 5 • ^1 •» !• 
ooefnoittato of f and t ( / x | Af (x)|) e I* » ttMa [» a^ J e f. 
EGctntlyy ^sliar and Efaen [x] hsro gen«x«aie«d t&o aboro 
tbiortao in tti& ftfLIooing £oii&» 
gfaeorwi £* I,et C(x> oatietT ^^ oondltlona of fiieoxcn A. 
If 3. < p < «»t Mz) i s a positive ftmotion euch that 
(9*C*X) X HIK) la daeiraaalng for aOBt aeiaXl 6 > 0, 
Pfl-6 . 
C3.8.fi) jK >Cx)t*«» Jfor aam wmUX 6 > 0* aa j m than 
lf,aad OEtXy If* 
^/P • •X-% * P 
X ' ' (Vt) t f K d»(x) e L . 
a 
•43 
gm t^tM g> Let f(x) ««Usf3r tHe e«iaitloii8 of flMor«a B 
and le t 
•ft • • I / (1- CO® ax) «F(x) 
}}« tb» gentrtllgftd costo* eo«ffieleJite of Af• If 1 < p < •• 
ikittd >»(x) i s a pealtlv« foaotlon gach tliat 
(9»fi*3) s ^(x) i s d«eTt«@li^  for «o»« «R«II 6 > 0» 
<3.£,4) E Mx)t • • tor @m* max 6 > 0, tbm 
^x'*- (I.) a^je f 
iff and only i f 
K ^^  ( V*) t'^ ^^ / V «?(«) e h\ 
tMSJBULfi* X' <^ • ^ ^^ fOtt]dl«v oooffieioikts of df 
with f MMiotQiiio tad ^(s) i s « positive funetioo oueh that 
(3*e.0) X M(x) 4, 0 for aOM OMU 6 > Op r*» , 
<3«t.«} X M <x) 1^  -M* for amo aMdl 6 > 0, x ^ • t and 
[ / * <«) %] « ^^ 
ttMtt 
of f itaa If 
tikcft 
[ /U (n) a^ J^ e 1 , 
wiiix* )a(x) 9aitl»fl«0 tilt •«»« eooidltions • • In SlworMi §• 
$i!9 0^|«et 0f tM» oliAptsi* is to pr«r« ti» ffliUfl»liig 
P 
tlworoBc iA whloti ttim cant* li taiio bt«n i«saAe«d )qr « irl4«r 
«ila»» L(p»«)« 
[«"• x^^») 1^1«t' 
VP , , , . *i-*/p , t 
X " ( Vt) * i fxA Q(x)) e I»(p.«), 
-48 
(9.3.1) % H*)itsT fm% mm ft > Ot 
(3.9.e) X Mx) f • • fyi» pat^ *«yti 6 > 0, z - n 
HlfiSiaOBuS* l i l l*<x) MlrliBlY thl fl<»ammt ?l fJWffgfB B» 
JKHSMUUI 
•^ • - * / (1 - 006 nac) 4F<x) 
iiifl *^ i < ap < p*Xt jyimi 
i i * Mill JBlT t l 
X '*^ ( V*) t ( / » * «t(x)) e i.(p,«). 
ilttit >^ (x) u § pffiiinn Ittflttai mgh Itol 
X4-6««p 
(1.8.S} z X(x) i f t r i H t MUll ft > 0 « 
(9«8.4) Z X(x)t4«" XSJLlflMLJMUi. ft > 0. 
^u 
(S.3.S) z H- (x)vl 0 ffflT W t ffinll A > 0, j r * « JB^ 
jyj [ II /u (a) i^] e i , tii»|i 
/u (V*) t * / ^ [?Ct)-f(o)] e i»(pt«). 
^ jam 
/u iy%)% ( / « idf(x)i) e i.(p»«). i<p<-\ -x<«p<H; 
*• /p P 
jUBm [A M (m) i^]e t * siojEi /u<x) iittaftta Ifct •!•§ 
3 ij fiw ftOLlwrlAf X«mAs msm p«rtia«nt for tim proof of our 
tlMOfoat. 
(AtHfW •»« 30O0 [X] )• l i a(x)i , /Jt|t8<x)| <• , 
-^T 
£^» b ^ | 2 X n / » (da(x)) » 
E X(lE> » OlViXCn)) , a - • , 
a •• p 
"• P • P 
t Hn) % i K S X(ii) (a a ) . 
ii»l a*! 




£bl l f • > Ot p > 1» aaa 
•48 
(8.4,x) jt tCx) U i iffrtttYt l i M W i i l a i l t t i g t t « 
•ad e 
It ••p«>t • « p flip 
/ tt XCVll) ( / X f«0<x)|) Bin tt «tt 
0 O 
m * / | | **»•!• _ s P H P 
• / 11 x<Vu)»la tt(/xl«0(x)l) dti 
Vt * 
•|»*t « P IB aP 
• C|) M8)( /« |«0(x>| ) / till It «tt 
•• P'mp / a P */« «P 
;S I E a MhJ ( / % ldO(x)l) * K f siA tt tit 
•• •p^p » p / t «p 
i K C & X(a) C X* I V O ^^ f tt All 
«• -P*»P P 
J S I E • x(a) ( a |li_l ) • I 
•4» 
E J a Hn} \hj • K 
< •• . 
P 
i© to say 
S > l - < ^ t - k l > 
P .VP 
?• Iltnr« 
11 X ^^(n) a*" Hu 1  - K II *^  ^^ C») a** / e i « MI ««^ «^> 
• K11 X ^'^(a),a ( / • / )8la ox «,GCX) 
< K lU (»)tt / «in nx dG(jc)l| • 
e 
. *» VP '^  n 
• K I a 3^  (a) / 0ia ax 4(^ (x) 11 
jiKlU'^'^(a)a / X ldO(x)|.IU 
o 
• l||x^''(n)a"* / |49(x)! 
^ a 




•* "«P ^ V 1 
• Kf t X(ii)a ( / |«0Cx)l) i 11 
1 / -
« * / t t - i , « , *P»»^P_^ ^, v , .^ V 
-aP . . . .Va « P */« « « . /P 
• K £ n X<n) </ • / ) J • K 
, V B •?*£•«? • * P ^ /P 
V 0 O 
** *ap ' / t t p \ 
• l ( E a X(ii) < / \mi%)\) j • 
• K r tt K(a) ( / |dS(x))) ) • K 
a»8 ''/n 
VP VP VP 
I, • 2^ • I - <f K t My • 
riao* 
/ >( Vt) t aln t C / X I dO(x)l) at < - , 
e o 
I I 
'/t , •p*IHttP t P 
I, - K / x(Vt) t ( / » ld©(K)l) at 
-a 
< K /'^ X ( V t ) t i la t ( / % \m%)\ ) dt < -• 
0 O 
A 80 « t } » • • 
^ i i"8 
«. p-ttP ^ . / a 
jj K • E £ XCtt) a ( 
BM>3 / / « ' > 
ao(x)l) p 
«»3 R/« 
•nwOfMB % P 
1/a 
How 
*/e •p^B^p * P 
SK^Kf^\ ( V t ) t *^  *^  ( / K \m(n)\ ) dt 
0 0 
< •• 
I , 4 K r a"^^ K(a) ( / |dO(x)| )^ 
' 8*1 ts/a 
•• */a ap»? « J* , ^ 
K / t X (V%) ( / IdO(x)l) dt. 
-68 
By ttlcins pit) • / x |dO(x)l • ml, Y<t) - * >^ ( A ) 
«nd Applyittg J*mam 9» wt find* In riw of 1^ t tfaat 
« • •p*e*aP P « .n P 
/ x(Vt)a .* { / x^ It 1 aaU)!) «t < • , 
0 t 




II k (tt) a*" h^W < • , 
fMo proves flieoxvB 1« 
».« rrg?y ^t ffat9yyi g» f^e* proof of this thaorta i s 
•iialXAr to tliat of fh»ort« X. Bmmr^ for tho Mkt of 
ooa|(Lot«n««o w Inoludo « proof titrt, 
MSMUAJSf* ^* ^ • ^ i^^  •!** O' (9.3.3) and (S.3.4) 
1 , -Hp^ fi «P t -» p 
/ U * A ) t oln t ( / « * laF(w)l) dt 
0 O 
•• / n *to*fi fcP t » p 
I / ; MV*)t aln t ( / u « idP(u)))'^«t4. 
»"8 */»*X ® 
•58 
• / x (Vt) t ilii t ( / « * 1 df (ii)| ) dt 
•• */ i i aP*SP*S t e P 
i K i: / MVt) t ( / » * ldF(«)|) d* * 
•• SP-aP «/» o . P V s op 
JS K £ X(tt)ii ( / u* I df (u)I ) • K / stil t dt 
•• -ttP P * / 8 «P j5 K E x(a) a I •&! • * / * at 
a-8 o 
< «• » 
bj Tlrtut of tut tqrpotlwslt and th«» faol that 




• I « / ala* f t )af(»)| 
o * 
2 It / »* X* I dF(x)| 
!» V a , , 
-54 
K (a).ii ft II • K Ijx (n)a / (X-o©» i«)aP(x) 
« o 
o 
• KIIX (tt)a / ldF(x)l 
« VP 
i K / E X{n)a*^ ( /%^ |4F(E)1) j • 
W 0 
-aP « , P >VP 
^nmX X/n 
J S K / E / X(Vt)t (/at« |d?(3t)l >«t) 
• -ap Va P \ '^ '^  
• Kf E x(a)a ( / |4f(x)( ) J 
^a*ff X/a 
VP 
• K( E X<a)a ( / |«SF(x)| ) J • K. 
a<»8 V** 
fiiao* by Tirtu* of th* tgrpotlMslt 
-68 
« *2P*e aP ^ A 9 
%• JCfKf 
J, . K / ^ V / t ) t ^ "^i S «^  1 dP(x) 1) «• 
1 0 ® 
0 o 
< • • 
Also «t lUKT* 
• txP V » P 
K awe l / » 
<K I x(tt) a ( / %^ 14F(x)|> 
^ K i: / M V t ) t • ( / m^  |dP(x)|) « 
» , •2p-8*'CiP , t « , ., v** ^ 
i I / X(Vt) % i I TT \«»(«)! ) « 
0 © 
< • • . 
Bow 
«• «>(|p n p 
j ^ i K X a X(a) ( / | «» (x ) | ) 
St I f^ t x(Vt)( / ldf(x)U «• 
ii«l n/ml t 
n oP*8 - « . P 
i K / * x(Vt) (/ [at(«) 1) dt. 
0 % 
W taking iftCt) - / x * |4iF(je>| , • • 6, ^-(t). MVt)t , 
o ' 
md applying h9m^m a, «• db««rr* tttat 
R « •cp"'ia*iip ep ^ .A o p 
/ x(Vt) t . t ( / X « X® 1 dP(x) I) «t < • t 
that i s to i9«9', Jji < •• • 
r -a V P . . 
mm9f { a X (n) a^ ( < •• 
7hle ocNKpil«ta8 the proof of 7lieomB e, 
1/p •« P 
«• -p»(l-tt) ."^VP .N/P*/** -^P , , P .VP 
i ( t a A ^n)) (£ a <a) |«^ ) ) 
^ a*X / a«l 
-1 
hf tlM eoaditloik (3,3.4) and ap < 1}« Stiio* in m^ sin ux 
i t tht Foiixier mii^s of m ftmotlMi 7 «o tlwt f, m^ eo« AX 
la tfaft l>ouxl«r*Stli»ltj*8 «txi«8 of r(x). Sappoeo ]P i« wi 
iaevtaciag functliMi, 
Hi 
*^  k ^ o ©Bin * / 8 
» / 8ia ax cot f AF(x)4> J / eoe ax dF(x) • s S - - r « ^ 
• «« -• ^« • «w«r. 
'a ' •-« 
tialas <3*3»5}» Lmmm n «ad tiM lignpotliialOtt «• luvt 
• • ""ttP**© 5 ** "^BH^""!^ ^ a 4 9 
ami ' >* »' a«i ' ^ ® to.1^ 
4W *'^fltlBM*lP wk ar 
ml k«X ^ 
a»l ^ 
« £•! £ /u (a) a I a^ 1 
aal "* 
< • » . 
a o 9^ » O(^) A ^ teaoo t 
Ital * Hal 
Ftm tlilt i t foUwa that C /^  (A> a | « | < «* , 
awl 
Ii«t 
dO(x) • • «ot * / t df («) • 0 ^ It J * / « «MI 
<S'G(») • 0, V t < X i « » 
• a • "* ^ / iitt ax «0(») • Q ( i ) , 
! • )iaT« •a.Mcdy prOf«d tiiat £ M (a) a \a^\ < «* «ad 
ami •* 
^^ P" www ^y^Ty 
E /U (a) a < • . 
aaX 
Al«o 
/ X \t0Cx)\ i / X e«t V l AW{%) 
II 
S^ f d'Cx) 
9lttt» i f ir« y«it >>(a) • a /U(a} ia Tteevta I» «• fiad 
that ai l tht aaaditiaaa avt aatiafiad* B«aoa» hy 9ha«r«a 1 
/a^^i*/%) t. t"*/P*^ ( A dOCx)) e L (p.«). 
-w 
Vm 
/ df <») « • / t m * / t 4aCx) 
% 
0 
tii&t i s t 9 fttar 
i f(t) •FCO) ) i / X l«OCx)l • 
o 
M»m9 fji'^ (V*) t [?(t> *F(o)] e i Cp,«) 
m «. • « j / sill at af<t)t Iteaott ^r virtu* of fteortK X 
» * o 
[ fj.'^{n)wk. iji] e ^ » aimet auffioimey part of fhtoroii 1 
io tftto •••& wfa«« aO<x} i t soidftood by |dO(x)| , whoyo &(z) 
i s not Boeotoiiriljr «oiiotiiaio» 
7bi» itTmmm flMOz«« 4 • 
IHTLOMBXUfT fHEOHUIS FOa ffilOOiOlllfRXC 
8&BXEB WXfH QUASI«#OMOfOBt COBffXCXIvSfS 
4.1. £•% fCz) md f(x) hm i«flu*d by tlw feUoniag 
tzlgoiuatttrle i«xl«s ! 
X 
u^asX -^ataaotrnM ( Bhmh [ l ] | 8»iM [Xl ) i f for Bmn « > 0 , 
for tiXl a > a^ Cot) t wlwiro a^(a) lo a potitiTO nxaibor 
dtpoaiing ttptii «• 
Aa oqiiivaiXoat doflaitioa of qm«tl*4ioaotono toattoaoo 
( Bh»h [ e ] ) ! • that a*^ i^ J. 0 for ooao ^ > 0 . 
Xt ! • said to bo A (]uaal««onot«ao of « • «^ ( TvnQ; [ t ] ) 
i f 
•ttfl ^ -a < i * ^ ) * 
•61 
A p«gltlT« ftmetlMi Lix) i t sAld td bt "Slowly liicr««»i»«" 
iB tt» stiiM of K«ir«*1» [11 i f I t ! • e«itlnao«« for aji 0 una 
^ ^ — — « 1 foy «T«iar fiE«« t > 0, 
Soie Of tla* isport«&t pvopttrti«» of gaoh fimotlont «ro 
«• fiaiowo. ^^  
p^ : MM..» -* X «» ac - -lb laiifoaay foy 0 < » jg t jg to < *•. 
Fg : X I»C3c) * n X l»(x) •* 0 »» » -* •• for «yt«y « > 0, 
Pg : I f we «xit« for • « • o > 0, 
LCx) - m loxlV* !.(%)}, L.(x)- X Mm [%•» !.(*)} , 
f , (x) • « K«t I t Ut)} , ^ J » ) - JE Mm { t LCt)/ , 
tlion J^<i;)~I.(x) Ml X •* •• for k • 1,1», 
f^ I ft « > 0» «• lunro 
Kttt) J5 A^  * ^^ "^  ' • ' •••fy tt J^  0 and 0 < t ^ It 
f !•<*/*) i A, • l»Cm) for OToiy ttJtO«idO<t^l, 
"TPT 
to Ifoci [ l ] • 
1) P-,_ , ?g» fg iiro^iao to J,Kow«otR[ll vhoro F^ lo Aio 
- « « 
wla»t9 K «nd A mm ptfaiUY *^ eoostants d«p«ndiiit on m tnA L, 
A funetioa |)(x) ! • said t« btloag to tlw el«s« L(Fta) 
( Jkt^n «ad t«liif«r Cl^  ) If 
/ l/SCx) ] <sln x) dx < n P > 0« a btlng ta^ ftSL mimbor. 
0 
w« d«fixai« til* aom of « fyaetion p(x) e X» <p,8) «• t 
1! i»(»)llp,a « [ f\mm)\ Com m) dx ] . 
4,S OoDoozniag tbt intogxiibiXity of txigonoRotxie ooxioo 
Xg»fl Cl] t in XMO» prorod tho fedlowlng theoroMs* 
fimorm JL ^ppoto tMt a^iO , p 2 l 8 n d ' * a < X < 0 . flwn 
A ntooMAxy and aufficlcat condition tbat 
«• -X*p*pX ^ ^ p 
•boiad eoBTorgo i t ttant 
- 1 * ^ . p 
X Is {y%) t Cx} th (0, m). 
f ^ Qg— B, Siippoeo tlMt 0^ 4/ 0 » p 2 X ond • ! < X < I . 7li«n 
m aoooaooxy oad ouffioiont conditioa tlwt 
•• oX^ p^ pX p 
C A L(a) «^ 
XaX 
- • » 
•hottld o«artrf« i s tluit 
L( V« ) « (x) e 1. (0, «) 
S>J3«<»r«i A i t aliillar to fh»9gm B* fli« oaly Aiff«««tie« 
l»«t««t& ttiJt tvo i« titftt ixi %im l«tt«r ost* noagt of x |IA« 
!»••& ftxtfiidcd to X < 1 . 
fii«»« tlwQvtHit «•«• iittb««(]u«iiUy •xt«nA*d by Tong IiO 
to qtt««l««oiiotieio tnqmoBo^ e. Hl« tim^xm^m mv me fOUovs : 
flicoim g, Xi«t [«^] bo qit«ol««oaotoa« of « < 1 •&« «ioli that 
n^Jtn? 1*1 (n) "^Jt % > *^  *i*^ eoBO p > 0 (ib>l«:B*,..)« If 
p ^ 1 and 1*9 < X < X, tli«a x I-gCVx) it (x) e X.(0,ii) Iff 
Lot {«|Q| b« quaoi«ttoaotoi2« ettch tliat Kj^^l*^{n)m^2 
Mj^  > 0 with aoBO p > 0 (nml^2$m»»)m If p Jfc 1 «»« l-p<xa*p , 
thou / Lg(Vx) « <x) e I-COtH) Iff £ tt'^^** g^^ "^ >V cow«i««a. 
Conoominc I^ {p,«) olaot» A^oy and Wainger [1] in X9€$ 
prwraA tba fmoolng tbaozaaa. 
l l l f i m J * ^•^ 'Cs) C L(p,«) with 1 ^ p < «v *1 < aP < P*!. 
Lot f(x).^«** i^ 000 ax with i^ 2 0 and A^  » ^ [»/ 1*3 ' ***** 
** -> p 
*e4 
and 
" a - 8 ^ P ^ SMiu.v) tlt]]l^^ m 
Thmormt V. l»«t 1 jj p < •# • i < aP < ?-!• 6ttppo»« that [m^] i« 
a mf^^mut »f maibars eueli tliat a^ ** 0 ana 
«» 
ttuiii fiat) r^ t a^ eOB nz tm in Mptu} oilaaa and 
p «» p*ttP**S **' P 
Pf« UteX lEiill 
wl iaf* A «3^  • aji - a j^^ j^  # 
frOK Tbeoyan^i; a»a f t iwy dttfttoad tba f e l l o w i a g l a t a r a s t i n c 
rtault, 
J^HjUaitil* ^•^ !*&] ^* ^ posit!va aaqiiaiica tanaing to savo ana 
[ A a^} 1»a tto&otoaleally daexaaalng for aoata aoa*ii«gatiTa 
lAtagar k» Lat X ^ p < ** «ad "il < ap < p*lt tbtxv a aaoaaaaxy 
a&d auffialattt oondltlon tHat t{x) t h (i>»a) l a tHat 
«• p««P*t p 
wliaxa f (x) ^ C a^ Ci^m as. 
Iiatar aa Kkaa [ x ] l a X960, ol>tala«i aaraval raauXta 
IwraXvlac L(ft«) oXaaot wMalsi gaaaraXlaa ilX tlia abara raauXta 
for eo«i&« • tr i** . ai« ««iMit« «x« • • fiAlQwt » 
II 
Am t ^ «4» tittik 
£ n !,(»> iC < - • 
1 * 
tt&a 
t n Ii(«) Aj,i B(tt,p)|| L (V«) f(x) 11 p,^ . 
ghnoyyi1. liftt X i p < «^  • ! < eF < P-l» Soppoa« th»t ^ f^  | 
i s « s«c2^ «not of muil>«r8 meh tbat t^ i ** ^ « ^ 
•• P^p-« . . •• uP . V P t n L(a) ( E | A » J ) ] < * 




/p « ^ •• p*iip*8 *• P 
(I L (V«)f(x)ll i B(«»P> X » li(tt) ( t I A • - ! ) • 
P»« 1 i«4l * 
«l»f« tix)^ t m^ co« fix «a« A «j • li^  - ^j^j .^ 
• « • 
Thaoram J. %•% <[M^J h9 m p9»ltiv« ••(|a«ao« t«ndlnc to Mro 
•114 [a*^ Cn ] !»• MoaottnleaXXy d«e7em«iii« for OOK* atm-nofotlv* 
inttior k. If X 1 p < • f «ft« *a < ap C p*^ » tl»» 
V P 1 •• P*ttP*f P 
I» (Vx) fCx) e I. (p,«) Iff E » li(a) «to < * • »»»»• 
f( i :)- i : a_ ©06 ax* 
In thlo oliaptor «• propooo to obtoln eortaln gtaonaitatioa 
of all tlioee ifottato* 
4*9 ^9 pxme ttut folXming tlsooroao, 
fhfiortim l.Lot K( V l ) ^ ^(Vx)f(x) e I.(p.a) jfllfe 
a 
•• -«-»P P P 
E a Mn) X (n) * ! < • • # 
Had. 
I a L(a) X (a) A^  i l(«,p) fl L ^ (^/x) x(Vx) tU) (1 
PffO 
"I 
•fc>l»VP-* (4.8.1) a X(a) f MM « * •• ' • ' •«•• *Mill & > 0. 
Hlf 
{ ia] i c ft itqw»fl9t ffg im^m weft ttof <^  "* ^ iBd 
\ £ HI J. (a) L(a> ( l\A mA) ] < - . 
I* '*^ (Vx> MVX> fix} e BC i^ .« ) • 
§m,, f (x) - £ a^ ^ coe ax. 
lit 
0 i t < a • V P # ^ n 
X L ' (Vx) f (x) e I. (p, a) ^ . V P . i 
i f f 
«• P-Bp^Tp-f? P 
i: a i,(a) iji < • • 
• i « 
wlutft f (x) ^  !: a_ OM ax* 




wfeBff XCx) eiitlefl«fi tliir co&ditlQB, (4.8.1)« 
mmSlLP' M l 1 i P < ** Jl&d *1-P < «P < P<1. iI2SfiSat 
Jtojfcf •^j Aa i Mffftfttfif ft wml^^n iinh thai t^-*^ MM 
thmn 
c • P*ap*C P •• P i /p 
[ t n X (a) LU) C J 1A«J) 7 
*• »«1 5«a * -" 
VP 
< - f 
jtti 
v» 
Pf« * j»a * 
wlMir* B 9M€ B(K,P) ajM ttMi«t«a%«^aot a«e««»«xll7 th» •«§• 
at aatli ••flUVMata, 
«f9 
"I 
(4*9,S) X M x ) 4 \ i i x-»«» gffig ifflit Mlttl 
^ > C> « JBA «Cx)^£ ftki v^ *^  '^^ 
% 
SMsumJ'huM [ •,!] »f § PfilUTf •fflwfflgf tffttflBi Iff 
•^  VP 1 
X I* ( • ) «(x) e Upt9) 
k£i 
* P*tiP-S*tp , p 
Z n hin) iC < •• » 
1 
y||fy^ 
s(x)^i: 9^ tXn ax* 
1 ^ 
4.4 i« Mqttivt tlifi following loxxfto for tho pvoof of 
our XliooroiM. 
lamkJ^* i^tkn ma iolaiorLl] ) . Mt{«tt] J2S-££iUil£i 
•k 
iff! ftfttf I f HW t l H ( « aa? ^^ •''P^tW^g tftgWirtlig ftf tWf 
-TO 
»mi?*ifnff gftil pm^n *t MXA 




j m Ka) Aj^ i i s r» 3i(a) (a O , 
£iltis K 11 n f ffwrtwt afwnmii m « JAA p JIA (^ac) IMJA 
^ In LMMM 1 tkt Atttliors IMT* «««ita«4 that k SIIMK 1>« a 
A«»«atf«tlT« lattf«v but It e«a bt tasiXj ••rlfl«4i tli»t tlw 
LMM* rMMlas tfttt for all k Jt 0, 
wfx 
^ ^ y lncr«>iilng ftiBotloa in th» ••n«» of IC«r«i«t« [ l ] • 
IX % ^ P 2 «^ th»tt 
•^ c , A , . , . . ^ ^^ /<3l 
mSL 
{ / V ^ { M<t) L(t) y(t) ]** d« ] ^'^ 
o 
i K f / t - ^ {t M c%) L(t) f(t) i^ at ] '^ ^ 
ifltffgtflUliMLJyEl t-*** ,|,ffK;„.iflH .aiHi^ j^  & > 0 jQyA ^ Irl iftiMBll^Tf 
It my %• rmaziced tli»t th« iixolal oas* iU(t)«i t # 
T > *I of tiala rtsult i s «uc to Igavi El] • 
l£SSlJSOlHi-9« I^ret »• prov* (4* 4.1). Oooaiaty th* 
X 
1 - r / 1 * ^ ft M <*) i(Vt)f(t) ]^ «t] ^^ 
^t 
•ud l«t « t»« « ooBiitaiit saeii that a < r i f r ' » ' r t " * l * 
kp^ftm(i BeCLdcr** iait^uiaity with indie** «# 9* tud |^:;^  « 
% 
{n i (^tt)l»( I )fCtt)) } !>* «ii 
o 
t VB t » "^ff 
o o * 
ttot it 
•V3 




r«*p p i^Uyhih) f Ctt)du ) dt 




% V .^/ A ^ > «ft*ft<^*VP*»l^ft J T « O 
ft, . ft jj E M (a) I. ( I ) 
f too «• otttaln 
/'t*^[/U(t) L ( | ) fit) }*«* 
o 
XtaX It to stgr 
* 1 
pfiit a » 0 «xiA tb» IntQuiaity ma^ ^« «ibt«lB«a k^ r slaiXAV 
ftr^it^^mtnts with I n d i e s % and *^ « 7li* Ijw^illtjr (4*4. e) 
e«o !»• i»sov«d in m slnilftv ssirntr* 
Slds «Oftpl«t*« ttu» pxoof of L«Hia 5« 
tlU) « / f ( » ) dtt t fg(x) • / % ( » ) <»» • 
tfettn 
2 1: a*. J** ( 1 - COB |jc ) 
• fi t «*• 3 ^ »iii* - T : 
Ml ] 
whitvt 1 i i awt pOBitiTO eonotint. 
• f i 
Mm 
Z «"«^^ I.(a) X* (a) ^ 
Bmn 
Sn t f^"" ****^ Ml) ^^ (V«) il C«) «« 
m % S « L( * ) X (Vx) f- Cx) to 
j5 B / ^ * « ' " I . C ^ > xV/iO t%(«)f to 
4 B/'^x*^!. ( | ) x'<V«) |f U)I to 
/ » aP 1 P • P 
S » / (•i«x) J. ( J ) x' (V«) |f («)1 to 
o 
i » II L ^ ** ( J ) X (V«) f (x) II ' 
* P»« 
bj Tlrtm* tf tte ztgttlt (4*4,1) of Ltaui S ana tlw ligrpttlWMt 
of f lM»f«i X* 
fhit •«iyltt*« tlM prMf of tlitox«a !• 
4.i £ i t i lLJOIi iai . t* siMt wt «r« flvwd that 
iil<ii 
•7T 
t n X (a) Ma) ( £ |A a.) ) < « * 
i t itHlmm en fiitUa« a » 1 tlMt 
•ad tlmmt9x% tiM foitilcir i«fi«» of f ooiif«yi*a for s > 0 
(larpmaa l l ] )i tad «• baro 
m 
f (x> • £ iL. iso« ax 
£ a^ oo« ax 4' £ %, oo« ax» 
ai»i ^ a«k*X ^ 
i a 
!»•* IL(x) • t • * «*• ^^* **>•» 
s M*i a S 
£ a^ cos ax « £ z^  a^ C £ oos^^xH % ^ oesV; 
awic^ l * a i^ci'l v^ o \r»o 
k 
• £ A i ^ ( I • »j^ (x> ) * Ang ( I • %(x) ) 
a*x 
*7» 
• IJ ^ V V*> • •»•! %^«> "^  •k V*> 
Hov KAlcliic i •« «• » « • k«r« 
t A e«s 1131 • E C A O »-(«) • \ , -EL^*) • 
Htae* for «iiy o • 




** /A Op 1 P *P ** P 
*• */tt aP t P « "P P 
• S I : / ' as I ' C t ^ ^ ^ /«^ « I ail) to 
• •trup p p 
jj B £ a L (a) J. (») A^  • 
a»fi iMft * 
«• p'%p*|{ p p 
• B £ a l*(a) X (a) I «y, I 
a«« ^ 
•• -fi^P ^ P , . 1^  
^ B S a Lin) K (n) A^ g^ 
m «>f«)gtp P P 
• B £ a Lin) X (a> ( j a^^il • l«wl ) 
a»t 
• B E a Ka) x' (a) ( t jAa, ,! ) 
aaft k»a * 
J^l^ ' , • ' 3 » W -
•eo 
/ < B I a L(a) V (a) | m^^j] 
* »!•» 
• B £ a %iu) X in) \ a I 
a«g 
• P"ttjl^ t p p 
j^ B £ a !»(&} % in) |«^] 
«• p*lip*8 p •• p 
< B E a I»(a) % in) i t j A a 1 ) 
• 0(1) . 
Bflfir put % (ai) • ) 1^ 1 for a i X < a*a with a^ • 0 
( A «i 0« 1, fi» ••• ) lOUl 
Q(x) • / q(t) « f 
tlUMI V« hKTt 
* a "iip*! p p 
jr. i B r / X L(x) k (x) Q (x) fti 
* a»B a«i 
/ X L(x) X (x) Q' (X) AX . 
•m 
Applying tim f««kat (4*4»«) of Ittnui 3 (oa taking «»9 •&& 
/< (JE) • m^* ^^ Hx) } V* «bt«fr« tliat tlM «li€nr« latcgyal i s 
^ B / « L(x) X (jc) 4 («) ax 
« B C / X I.<x) X (x) q (x) 4x 
• P*tiP*t P P 
iimilox3^ «e cwa pro?• 
VP 
«tul 
I,^V/x)MV«)t(x)l |p^, i » r » ^ ^ " « £ ( i i ) x V ) ( tjA-ijl)!* 
fids tMKpl«tt« tilt proof of flMovfM e« 
•«t 
X 1^  rMtin) € l^ (pt«>t tli«tt V* )»»•• to prer* thiit 
Sine* I n <^ ] ^« m<«LOt«iiie dtoirtftsiiig, w« hmf 
S 
*1 n 
f # luiv» ttitrtfoipe bj f^Ofioi Xy 
m -|iP#tP'^ , . , » .P 
4 B £ A Mn) i t *. ) 
a-1 J, [B] ' 
< • » . 
SlfftttlfBffT : »«• ittppOM ttet 
• p-*P*tpt p 
•83 
fhi&n 
«• p-upftp-K • • •« P • P*»p*tp*e p 
< B E a I.(ii>( E - ^ ) • B s a l.(a) tj, 
ftid |»a ^ a«l ^ 
< «• « ( Iqp iHiaBA e ) 
VP -I ^ 
% r / x ) X t(x) C L (p, «) 
fteit ftetorwi 3 ift prer*d. 
4«9 fte pv»«f< •£ SlMO]!«i0 4t 5 sad t mm «iail«r to 
tiioM 9t fteovMis If e «ad s taa lumo* Mdtttd* 
mfmmBiun tmomMB mn ctmmn frnQmcm^ue mum 
i f i j j - o» 
$ti» ia»ft of d«ex»atlng aalJL 8«^«iic« ««• gcA«f«lit»d !» tlit 
foxK 6f ft 9[iMiii«««ftot«Be ••qutwi^ l>y Bhah {%] amA 8 s m [ I ] 
In ttm foHmrlBS ••luwjr, 
A ctfutmo* ( i ^ ] #f ^9 l t lT« iniBit»«i« 1« Mkld t« IMi 9i««l* 
noaotoiiie lf» saa wOy i f t wT^ ^ i '^ ^ '^ "^ ***** ^ > 0 » or 
««ii^«l«&t].yt i f f tmA onlir i f f A i ^ 2 * * ^ ' * ' * ^ * « > ^ • 
•how A S - "b • •to^ x • 
Zt i « (a««r ttttt i f [ i ^ ] io « 90flitiv« sMWIoiiie Aoertftsiiif 
•tfiitaeo tbMi i t i » • ! • • ftiAti«m«ioto&i«» Eiir«T«rf %h» eoanrorat 
fiM ^««i««ifR»t«»i« ••qpiMMM Mr* kftova to «lmje<o muv of 
tlM iayortoat fzofoitioo of ioovooolai oofaoMoo* for oxuspilo » 
Olivi*r*o tiMiOfoOf Ooiiel7*o ooMoMootiOA toot for oittvoxsMio* 
« • « 
f«ttaa to »• tfiio feir ittft«i*«ottdtQaie 9«a»t«B«o»« 
la X9ttd» Boft« [ t ] e«Bsia*Y«« • tt«if* gtiumil dtfiaitiOB of 
qaft«l^on«t«Bie i^ i|a«ttc«« Aoeti^sg to Mm a ••qiioae* [a^i] i t 
M l 4 t o bo d^^Ool-AQBOtffiRlo i f % ** ^ | «| | > ^ IlltiMOtOly 
a»4 A a ^ ^ *&,! wtooxo [6^] i s o ooiinoiioo of pool tiro mmboro. 
Bf tokiaft S|. «> ' '£ "* «ro ^aa tliot 6H3,tto^»«imot«no ooquioBeo 
boeottog oii^ly o ftift«i«Kf!iLOto&o ooiaoiieo. 
A iMii^ or of tteootOMB cooeomliii S^^oo&^aitmotoso ooqiiioaooo 
»«« i^t«tBt4 by Bo«« [f ] 9 vlio lootKietod d,^  # Mo voetouo i:«titatii» 
by tbo ooDaitlfln 
t &m < m ( Y > 0 ) o r £ 6 ^ i o i n < « » . 
A pOiltiTo l^metl«ii ^<x) io oo&4 to bo ** olooXy iaoro&olBi** 
la tbo otftoo of KofOBoto [ij If i t io ooatlniimio for n2^ ^^ 
x i i ^ * ] ^ • i f •» •••flr ««•« t > 0 . 
SflBO of tbo iKportaftt profortloo of ooob m fiuu»tlOR oro mo 
fOllooo^* 
^y » f 2 9 f. oM P^ oro i«o to KoioKoto [ l ] mA f ^  too 
to l io i l [ l l « 
?- : ^ ^ ^ *• 31 « • « - • • # ttalf•laiay f« rO < « j ( t ^ ^ <•<• 
F^ : Xt t(M}^h(x}t i r * * thin ilm) ! • idtd « i&etflr 
« > 0 • 
8 
F^ • It v« «xit« for »mm « > 0 # 
vtefv t^ and C^ ftf« 9*aitiy» oanatsBls i tptai iaf 9m m «MI 
B»t €Me«ini»i iAttgralllXiiy 9t tiig4m«i«tvl« t t i l t * 
f (x) • £ a^ «• • «x «Ml?(^ )^ X 1^ aUi Bx • a«iw [ l ] yr«T«i 
- •? 
eotfflolttmta %» li« aoBetOBie 4tei««aiis« cntf tmOlag to M M • 
mStmU^ tf i^iO tmi 0 < t < 1 , tliMi it^tix) e l»(0,n) 
if , ma msHf it z tt*^*^ •« < ^ • 
Ifi «ad only i f E »^ *^  "Sk < •• • 
Lfttcir oiif O.SoaoiioIsi [ l ] pK«f«a fluroveaa A una B tojr • 
diffortat actiiod* 
$hah [e l «^taia*a %&• foSJlowiag irtigtats eoaotndliig tfac 
inltii!«feiXitar.^ t]rigoiiaM«tfie Boxi^s for qpitt«i'<«ozioteiMi 0«<mci:ie«a 
wMeh fciMfiaie* tht ii%«r« tlworMii. 
lliiMH 0« ft ^%,]%m % q[tiMl««aiotoa» ••otioiiet. 
— " •• JR. J 
AMI 
r * 
•nd •Blj i f x**' f(») e X*(0|«)« 
(i) If 0 < t < 1 • tl»» t t?*^ iL^  i« ooi»r«x««it i f , 
( i i) 0 <y S^* ^^^ < »^ *^^  ^a ^* cowr*xi«ttfc if* ant 
«aj if x*^  i(x) e L(o,«>. 
Yiiia tiMiaxwi ««• tn)»a»fftiaitly •xtaadad liar iM« [ t j f«r 
e««r«fs«s Ctxe«pt ptrlu^s at ift%tfz«l m a t i ] ^ * * af t * ) to f(x) 
•ad C A^*^ «» <»onr«]^ %s I f t •nd onlf i f m'*^ f(x) C l»(Ot«)« 
voBoteM • • ^ • n e * « i tb £ A^ 6. < • • flMA £ a^ IOA ax 
oonr«x««e t« g(x) loid E a^*'^  IL. e«8r«f««« i f , ttsd ©nly i f 
x^ s(x) e ii(o»tt>* 
J f l i ] ^ : * Suppott ttattt ^ 11^ } itt « i^f i t ivc ••«ii«ae« t«iidlag 
f Hca fli*ev»i B ««ii«Hs thgl \%^ ^ i^ ee» wc etRf •xf«» 
(tXMi^t 9*ilui9« «l ittttgyiO. K^tisi lt* Of e>i) to f(x} oxd 
I »^"* a^ eonroivoo i f f x'^f(x) e I.(0,«). Coaoidoiiac t*» 
a«l 
• « • • / «* £ « • «l»«ovro tlkot Boao luit alvoAdr ao imt i «li*t 1M 
violiod to 9vor«. fluo hto fOiMito (fteona D oad 1) guffor fMB 
tkdo ooxioiio ioftot. Of eonroo, IM ooidd Iwro woidoi tUo Hj 
• • • 
1^ • ( MQT ia flMoiMi JD ) «igtnii«c %im eanf«xg«»e« •f <|p • £ i^ e»« sz 
lattcAd of ttet wf £ a*^  «^ la tlit pmH /«» £ • 
anil. 
ia |^«a«i« « B0|«ttie aad f «iie [t] § la 3.9ed« c«atxi3.it*a 
ftmotmB A «aA S ia a dlff«i«at ^««o«i«a* timy pronrvAt w^ng 
l*(0,ii> itf ma «aiy if, E a*^ *^  lkCa> ii < » • 
tb«0« MSiiltB «•>• •xt«ad«« 1^ Ye^ a [1] in IMS to quasi* 
moa»t0a« ••!»««»#• i s tit* folKaiac faai« 
f feaoya ifl, £«t [n^] iM a tttaslmoaotia* atvitae* witk 
i^ "• 0 at tt^ «a() 0 < Y < i . fli«a t n^''^ Lin) tt^ emwrgnm 
iff Md onlj if» i A^  '^  ^ 'Vi ^ « *> «tar«xc«« •••igrvinx* t« 
f(x), Mnr« 96«fl|bly X « 0 • aaa m^ x;(Vx) fCx) C L(0»ii) . 
a« a -• •• • 
.fO 
(1) F#r 0 < t < t» i f t »^*^ L(») iL^  eflinr«zsta» tlwui 
£ a^ ala sx i;«Br«ff«« tYtigwlMM to i;(x) « M 
( I t ) W9V 0 < T < I f i f S tfe • * * *** c««r««|«« •Ttx3rvlb»r» 
X 
t a*^ *^  L(ji) iL. ei«rtf««». 
I t M^ !»• f«»Afic«a thftt i f « • «»wlii« tiMi pxoof of / - i: 
1» flitOTOiio H «id Z t « • fi>^^ ^^^ ^^ ^» Ottffieioait to ••• i im 
tli»t f i^} ifi OiOy A positive tofaonoo, 
Xc ttm pMotnt ohaptor oar o1>|oet i s to coaonilito (Al tim 
rogulto ototta «bovt» Ixi mimt ttt^Xme^ «• prove the f^looing 
ll»i 
JSA 
<fi»t.f) £ a^*^ Z*(a) 1^ tiBrtnff•• l l i l t 
(0.fi.s) t S ^ i: i^«»o»i g«rtigti tTf «nrlt»f 
AMI 
*4fl 
JUL. ^ (x) tittPl Pf iiiUff i t 3E>t<) Jtti 
ffffiiUTf m^h ttof (ft«t«3) ftfliflii m4 ii (&»t.4) JuiUi* JUsttu 
^ f^fgWng* U) I t i i [«^^ M J I fe^'^^rt'tffMlfif •twfttfff 
jUil f^ J( r.t^\ in awA »*• <jr*3ll 
f I t ifliyi»ittl» JOMft ; ajQ^  iin »x fff»!fffigfI fTiary^if to <(x) 
<^) Ml^ <t <Xf it I 1^ ainiis: f f t ^ f W f i ffffgfWlwyt 
gffigytiifit iMii.«^i^^ l i iWf hitiffltMit i t t g j i l A i f t l l i i t i f l y 
I t iUttSt* 
«• fiAItfv 1«^^ [2.] i n tb* pi««f 9f oar t tetsw** 
ft. 8 t« Mf i i l i * tlM ftiUovlBf Xmnift* for tiMi pre«f t f iwir 
th«Of«is» 
T i l l 1 ( iajMitic, ] l* jMie M4 fOKie [ f ] ) • l i s Y > 0« 
* k«d * 
- f t 
Eliii ^ jBA s^ juaueti 
/ / \fif)\ 4y < - . 
iasmu»* M1%; i u i ^^ OTnlr*TWft?imf ttg\tt»af, Filfc 
ml 
•a 1 * 
fikiac L(3E} • 1 »•#•%« Mgiat •# BMC [ t ] wnilt for 
' f i t witlwf* «•• lA tlMir yayov tim ftigraptotio f«latl«i 
/^ f(x)Ii(i*)to - K x ) / fCiOiz f«r • fixot • > 0, 
*ts 
f i rs t mvr^— tlM* £ m^ **^  ^(A) i^ e«wr«xi««« flM», 1^ 
hmmm 1 t « • bar* 
•• it t » l 
• A E_ V I.<V) < » , , • * . ^ *k ^ 
JS A E V 3&Cv) 1»J* tJLt t^ t -v L<V) 
N)«l. ^ toll *V«»1 
•• t«^ «• Y 
JJ A E V -^(V) | « J * A H ll hik) &^  
ItmX • 
A1i«l*« tMii«f«fMft«i« v« iMnr* 
»*1 Y^l II k v-i mX Y-1 , 
^ «k«z« A i t a oMMitaKl ii«t a«e«0MucUjr t l i t MM* « I 
*w 
s«» 
mil f l , • 
<» It T***! 
^ A E k'^  I.(k) 1 A a^ 
<*0tS«»«»fi3i]r v ir t i i * of %ls» l9potlW0«e« 
k ^ 
t & . < • • • t lMi«f«Mt « » i i ^ ^te • M i 4 i t i « i «kft« i ^ -* Ov 
^99 
w Junr* 
m3t> wmX Wml, " 
flit* ft <W^ ^ ^ ^ * ^'^ emwrgitK to tix) tor «U x mteopt 
^ mA*o tzttaefdzafttioat vc l«v« 
- f * ^ <vw)«—r5;i^^;—^> 
Si»©t ( ^ ) t i V») *• <>f «• « * 0» I t i « •ft«r to vte ttwt 
a*^ I> (V«) e l.(0.n) for 0 < t < ! • 
flMs«f«x*» i t i t «iifn4ii«it to prof tuait 
Viw 
wmX A 
^ . X / ;B:-^ *1 tcVji) I «l» » 1 to. 
» B ' I.(ii) • ^ 
^ ii(tt) I /on ' ^ 




ooiir»x^0 for x > 0 • ^im eondlticai 
«iid htiieo 0^ i » th« fonxlor eooffiei«iit of fix), ix i t l i ig 
p • [^ ] aoid ^ • [ « ] i ^l^vi 0 < d < « , « • iMEVO 
p $ < l tor OS*S^ % 
^SP f o r 6 j g » j j « , 
aifposiagft i^ > 0 for a > p^ f tiMta 
f a?*^ L.(a) f / f (x) 000 ax «x 
a-p_ ^ « o 
I / f (x) X mf'^^ %Am) 000 w ix 
* o a-p^ * 
•9S 
^ I / 1 f (x) I « ^"^ h in) ««• Bx I «x 
A ( / * / ) • Xj^-t- X | j t •iiy* 
Xj jj A / If (x)l C r. a^ *^  l»jg(ii> ) dx 
tt.» 
6 
i A / fCx) 1 «^  I*,<t) *c 
4 A / x*^  I. (Vx) |t(x5l «x 
o 
< • • . 
a so 
3t«i A / lf(x)l ( E a'^ *^  tJa) to • A / |fU)) • 
JS A A " ^ M^M \fi*)\ *wA £^  |f(x)|«i^ *^ i^ g< q ) . 
littX £ • » • BX «x 
i A A'^I.CVx) 1 t(x)| dSt^ A/* |£(X) I qf^^ V^^'JuI?/ ** 
ft rA. ^ A / X ^ li( /x) 1 f (x) 1 «x 
< «• • 
fhltt prvrts / « C part of fh«or«i ! • 
flU0 the flt»ot«m 1 i s pror«4. 
file ooiiv«xsfiio« 9t tba 8«xi*8 £ a Mn) 6 impili*^ tlmt 
£ 5^ < «• « flMvtfovttt l9gr u«Lag tlm eondltion tlwt i^ ** 0 t 
V« tlKT* 
Ttaaet 2^  iL S^A >ut cemr^xg** to g(x) for mwry x , 
»»X ^ 
Utlsg Al»«i*0 t7ia«fozn«tl0fit « • ! » • • 
t «la I a-a * r J -a - t in 
•A4 hOftOO 
» a toiii J 
•100 
mwM 0(x) • J ^ l^*al <2. • CO* (» • | ) X ), 
X 
£!»«• ( i ) Li i ) •* 0, •« X - 0 • i t te •*«y to stt 
ti»t x"^  I, ( ^  ) t i t t* | e iiCOtn). for 0 < t < «. 
Soir 
(»•».!) / «^ !.( I ) 0<x) 4x 
H a l 
WiMtV 
I . UL i / , -^-X L( i ) ( X-c©» (a • ^m ) dx 
* a^  L(a) o * ^ 
» a^L(a) V 1 ^ *^  
-XOl 
r- e / y^*^ •la^ "^ 4y t » • » * • • • by !•««« «• 
$lj«n# «e a ** «* • 
Btnc* %!» txpv««8ioa l a (0*6.X) i s 
Ok 
by Ltstas 9 aad tbt lBgrpotfa«s«e of fb«or«B e« 
/ «*^ £( i ) \ «(x)] to i A • A A*^l.( i )6(x) to 
fill* prof«0 £ ^ / part of fboona ttm 
(i^) yg«o^ of / « £ • «b« proof of thie port lo olallor 
to timt of flitofoa 1 miA iioaoo ovittod. 
e a A nonMiomelng ocmUnaeits rt«I^«lu«<l fimetton $ 
d«fi&ttd on thft iion'*tt«g«tiv« lialf Ii&« «Dd Tanlshliif oxdy «t 
tl» oziglii will b« oallta an OrXles Function (0F)» Itmetloa 
^ e OF ! • said to satiafy A (a > 0) eenditKm for 
lurga u i t thero art eonatonta C > 0 and % ^ ^ i^ Gii ttiat 
(|>(oii) ^ 0 $(u) , tt ^ u^ for cfTerr « > !• A cooTax 
Oxiioe function (^  aatiaf^ring ttaa aonditiona 
liii J M , 0 and ^ ^ - ^ . -
tl-»0 I I » • • • tt 
Touh^  function (Tf), Function <f b^onge to TF i f f i t adnita 
a rapxaaantation 
$(U) m f pU) 4S , 
whara i0(x} (ae j^ 0) i« poaitiTa* p{0) • 0 » oontimoua on 
tbe rig]it» AOn«>daortaaing and XiM 0i%} m »% Vta bara for 
auoli fUaotiana tha r^ation 
-lOS 
(6,1.1) - ^ S fiM S - ^ ^ . 
Ve a«not« hj H tiie ^ a e s of Oidioe fonetions ^ wfaloh 
•fttlsfy the tcHlcming condition of MuHiolXana [x ] • 
** ftMre ttxltt a coixrox funotlon A , X > 1 and 0<k<X, 
such that th« Intqaa3.1l3r 
k 
^{u) s i (tt) J5 J^  ^  <») tool^e t*>v al l u . •» 
fe wxlta 
8(x) • f 1 ^^ * 
3t/8 ^ 
6.e M. Zeuml and S.Zauisl [l] in 1968« parorad anong 
othere* th« foXlcwlng thvorams. 
g^Qr«B A. l9t p > X and a > «1 and Xat f ba a non* 
n«gatlT«t nan*lnor«aalng and IntagrabXa function on (0,ic}, 
If X* f'(x) i e mttgrabXa, than wa hara 
/ V oP(x) d x i A^/x*(f(|)-f(x))^dx«. kif f(x)dx) . 
o 0 ^ n/B 
f htorm S. Itat p > X and a < X^ and Xet f ha a non* 
nagatira and InttgrahXa on iO,%), It x* t^ix) i s IntagzahXa , 
than 
'^where A denotes a constant , not necessar i ly the same 
at each occurrence. 
-104 
flwogiii 0. lift p > X and • i< 1 and l.«t f bt « aon* 
n«gaUT*» non-constsiit aad ii»t«gf«!a« on (0, «)• I f 
X® t^ (jt) e 1.(0,^) , 
/ X® (Pix) «« i l i ^ I / «• |f( I ) - f(x> I to. 
in&ve&eing 8«^tnc« ttndlng to ssro a&d 
«]!•£« £^  denotes th* guft iiiiQ8« n m t ana litet tama M« 
lutlved* Suppoaa tiiat 
©•I a»o 
aaft that f (x) ia non^aagatlTa* 
9 (X) If f ia It IntagwbXa and daoraaaaa aonetaaieaXXyt 
than 
Ttt^** a ? i A / ( f ( | )* f (x ) ) 'd» . A ( / f(x)dx ) ^ 
itoX a '^  i i / l 
-108 
(II) Kort g«a«ralXy, If • ! < • < p-l «id «* f*(x) ! • 
iiit«g7«1>X» on (0»ii)i th«n 
ft f i 
i A / » * | f ( | ) - f ( x ) l to^A-«.^j;^| - — 
(IXX) I t « < «*X and s ' f^ Csc) i e integipabX* ^ t (0»K)« tlitn 
£ «« a i A / It* lf(3iE) - fC -I ) I «x. 
Tilt ^Jeet et thXa eimpt»r i e to otot«ln o«rtatn 
geatzQllcations of tim abOTo ttwoiiwBs, Xa our tfaeorcae «• 
rtpXftoe tim sptelti. OXAOS I»^ of functions by s aoye gsaoxsX 
cXftss It(^) wimm (f satisfies eortsln properties. In 
TlifcOxeii X «• tusrs shorn tliat eoaditioa of vonotonieity in 
Ttaeoren A i s rsAundont • A simiXsr rennxk i s lAso spplioabXo 
to Ttieorea B ( part X )• 
••8 ^9 provs th* foXXoving tbsoreas* 




4 A / V $ ( l f (x) - f<f )1 )te4'A c f ( / f(x)«ai ) . 
• * m/i 
/ V ${o(m))te i A / V cj( |r<x)-f(f)! ) ax. 
MiftSizt* uro-ggfintiftt iBtf Iftttgftm gfi (Of *^ * 21 
»• $<f(x)) e t.(0,«5, thca 
/ »• cf (&(x))to s A fx'c^i |f< f ) - f(x) 1 ) ax, 
0 O "^  
f(x) ^ i •• * ^ •*! **•• ** • ^ •^n *•• *** 
<i) I I X* ^ ( f ( x ) ) ! • i a f gMibl« l id • ! < • < ^-1 , 
i A / V M (f(x)*f(S|)«x4.A $ ( / f(x)«x). 
•107 
(U) IX • < *X JBft x' $(^(x)) ^t WHIiMft m 
r «"••« (f (a O i A / V $( If(«)• f ( I > 1 ) to. 
6*4 &• r»^r# tb« f03.1 owing Icsstfts for tho proof of 
our tiiooroao. 
(ZgiMl, K m& tmmi S « [ l l ) . i s i [^njM 
i ffiimfflfflifl (Itamilmt atwfRtit Haaing tg itrft ina 
MvO 3Bhtfl 
inaiirt IfHti iCT ftilTta* M '(x) ^ i:^  OL. 000 iix l i 
n»o " 
fifftmcttat T^  ffi fiff fTfi ftacttffl Q itftata fry 
l i affl^fgaUTt and itirifaiy 
: 0 < 5 < I . t« ^ | - E* 
a •* tt 
for ai:^  a^ l< 
-108 
^fflif g> (!^«Mmdi;xi}. 111! f(x) i>f ft Rffl^ wrmtiiYf 
F(x) • / tit) at. 
o 
:i 
o * o 
X 
f(x) • / tit) at 
o 
MA f (x) 2 ^ 12C X Jt 0. 
TWoyczynski f l l proved t h i s lemma f o r sjC 0 only . Following 
the same technique here we extend the r e s u l t t o the case 
s < a-l> a > 1 . 
-10» 
fPlft 9t »n» l »*% virtue of ti» ••Biaiptlon ana th* 
^•nsftn'e lji«qu«ltty» tJi«y« «xlBt •» a > 1 And » eQwr«x 
function A it) 0ttoh tli«t 
^x i / A ( f ( t ) ) «% 
i X I / (/^ (fCt)) at 
^ X / «• ( i / $ (f(t)) at ) clo( 
0 *• Q 
i A / x" (f (f(ji>) as 
o 
by hmmm S* 
0»9 P«>of of f^f»^a 1. Integrating by partot «• bara 
It _ 
/ X* (5(o(«) ftx 
o 
-110 
Taking t %o be ftS'Mtvftiiar large positive numbert we 
iiwret elace p(x) le non-iieoveaelag 
•1 -) 
« U(») - i ( | ) | )» (« l f U ) - f < | ) ] ) 
•1 -I 
•1 -1 
S At cf (a(x)) • Af cj( |f(x> . f ( I )f J 
fteie «e twfe 
/ % • c$(0(x)) Ax 
e 
S A $(G(tt>)^/V|»(G(x)) lf(x)*f(|)| te 
•Ul 





i A (J( / f ( t )d t ) • A / « • $ ( )f(ae)- f ( | ) I )4x 
by «liooeliig T > "'" • 
fM.» e«q^«t«e tlM proof of flttorwi 3.* 
••« y W f gf TfattlHI g* H r u t of l a i * • havo by J«ii6«a'« 
i2i«quti.tty. 
-nt 
i $ <-f- / (^t) at > 
S i f c$(f(t)> At 
* / 8 
« o d ) t ae -» 0 , 
BoKt lAtegmitliig tqr partet « • tu«r« 
n / x* iW%)) to 
['^^f <^i>) ] - is : /« '^Vo(x»(^-^ } to 
2—^^ '^^ ^^ ^^  - ^ / V U<o(x))(f («)•*( I ) ) to. 
Flret ttna on ttw zigbt sld* la ii«g»tlvti •Ino* s < • ! • 
/ »• $(s<x)) to 
i - - ; ^ / «• j9(0(it)) I f(x>- f(*) 1 to. 
-Xl» 
tlno« /9(z) l a IIO&*4«OZ«M1IIC 
0 (G(3t) 1 f(x) • f ( f )1 
e 
•1 _ -1 
^iKte W« lUKT* 
i- - ^ / «• 0(O(E» 1 fix) - f( I )l to 
•r. 
- X i * 
(••X)f o 
« 
fey otooofiliig f > • "-jr • 
?Me ooffipI«t«e tii* proof of ^lieorai l»# 
e.ll' ilSSLMJ^mmU^ 3tt i s oasr to rents that tiM 
jNaatiosa (6.6«X} MLiB aXee whoa x ** •• and then fOUovtng 
th« Xlcas of psoof of f tworcn g «• tuiro 
o 
»»1 0 
/ / /» (0(«)) ( f(x) - f C|) ) to 
i ' , ^ / m* j» (o(x)) I f(x) • f(*) I ax 
'••II 0 *^  
^ —.A— / «• c^  (0(x)) to • 
t 1»^ 11 0 
• - A « - T x * ($( lf{x)- f( I ) 1 ) to 
-u» 
or» 
/ «• ($ (oCx)) ax i ' ^ ": f X* (f>i \t{%)* f( f ) I )aat. 
oottficicnte of Q(x) of hmmm 1, flktn by Tlrlue of tMo 
ICMMit Y|| Jt 0 for oi l n 2 »^ ^* V^^  
Qg<x) • / Q^Ct) d* for X ^ 0 • C 0 
Ttmn 
Y X •» *|} 
Q (,) . -ft 4. » t , 3 (1 • eoo |x) 
Jt £ t - . J (X- 000 Jx) 
[fl *f 
- 1 H T. J oln* ' ^ 
[?J t  *e A 4^ «8 
^ * A '^^^  ^ ?* " ^ • * -^  «-^  »• 
• ^ » x* 
-ixi 
0 < 0 < 1 , 
8 2 A « - „ ^ 
Ol*! W« bSft 
ai^ i I -^T^« l ^ ^ » i S» »J^ 1-
Ho* 9 « • llttV* 
$ ( » « ^ > 
»*1 Vjj^l^ A X 
« - r ^0^^) 
S J^ f ^ i (•*"% ) flx 
0 X* 
A / X* $ ( - ^ / C^(t) d« ) dx 
-Uf 
^ A / at* $ (—*—) te 
0 
E n Q in mJ 
i A / X* (|)(0(jc)) «x 
e 
^ A / X* <f C |f (x) • f ( * ) 1 ) «» 
• A<f ( / f(x) ax J, 
fM« proret pari (1) of ffa«oc«n 4« 
Soil, If «• «ippo«« timt • < -X and U8« timovw. ft thMi 
V* ft 
t »"••* $ ( n O i A / x* $(0(«)) ax 
JS A / x » ( ^ ( l f ( x ) . f(*)|) ax. 
IMs prOY«a part (ii> af f fekaarMi 4. 
7,x H«o«iinyt Ha»«g«»a [Xl hue proredt aaoag otterst 
tlae foil owing tlMorm** 
Thfeg«a A. £•«% t(x} !>• an «vin fUaoUoo* e(mtl!iu<m» on 
(0,it), and le t Ite 7o»rl«r strics )>• 
« '^  a»x " 
Sa]PP08* tlwt a(ie) l i on •••a funetion, positive «&« 
noik«liioM«aliig m (0,ii)t ttiat Jta(ic) e L(0«ii) «iBd tliat th«M 
! • « poeitlT* nuKbtr f} i n •aeli tlwt 
•« t ^ , 
t / X mix) to i C a(t) f©r ilX t , 0 < t ^ T). 
o 
If th« m*ri9B t 1. / a(x}ax eonrvrgts «1>toXttt«ly, tDaa 
ikiX *^  X / a 
tb» FoHrltr •#»!•• (7a«l} oMnrtsg«0 unifoxtf-j t^ f (x) ana 
"^  wiMx* C, with or witliMit mtti%999 4oaot«o a poaltlTa 
ooaatant, not naeaaaaHXy tte awia at taoti oetunaaoa. 
-u» 
(fCx) «* f(s)] « i%»m) e X*(0,«) for •MH •» 0 < • < «• 
glisoyitt B. Iict s(x) b« en 04d ftukotlQUy eoottnuoiis on 
(0,ii), «&() le t Its Vwkrfr ••«!«• b« 
£uppoe« tbat a<x) I0 «xt odd ftmotioiii pool tiro on (0»n)« 
that X a(x> 1B Xttboegue iBtogmULe end noaHnesoaelag on 
(0,ti) and tlmt tiwxm i s « pool tiro moibor n JS ^ fl^^^^ ^ ^^ 
t /«<x) dx / C a<t) for all t , 0 < t ^ ij, 
t 
/ a Xf tho ocrloo t nli f x a(x) dx oonvorgoo «bsOlut«Ijr» 
»»X " o 
tiioB thM Fourier oerioo <7.1.0) oosrorgoo uniforaly to g(x} 
and (g(x)•§(•)) « (x*e) e 11(0,^ 1) for oaoli •« 0 ^ a^ n • 
In particuXarti2i oaoo o»0« ParaoTal^ a fozsuloo 
hoXda» wliaxo ^*a «r» dtflned by 
^ • f / a(x) 0I& ax dx » 
and tht aariaa C ^^ ^ oamrargaa abaoXutaXy. 
n«X 
•IfiO 
flit objcot of tint ctULpt*r i0 tQ obtain c«srl«la 
^•MxaliMtloB of tiMroo thoosrwo. In vhst feaicw« wo 
OQimio tbalt a(x)t 0ix) onfl ^(x) or* poaltivo funetlono 
doflatd on (Oyii) taoli thai a(x) ^(x) e XiCO^ )^ m6 
«(x) ^ (x) Is oitl»r oiroii or efld. 
7*e ^c provo tl» following theoxoss* 
JlsfijoUk* hsX tix) tet an tYta ivmQUffia anfl g«tlitttffm 
jiL.(Ofii} ana l i t ita. Fwtrtf g atrlta H C m a ) . Jissstt 
(7.8.1) / | » ( x ) « ( x ) t o i 0 $ ( t ) o ( t ) 
o 
,"* for f^ .! t» 0 < t ^ ?} t whwjpw ^^  (t) • / (^x)<Sx. If tbm 
o 
m tl 
2^  Ou, / a(x) ^(x) «x 
ffw^f «f a i^ afXtttttyt than *tw fwrtygatrtta C^.i.i) gwrtgita 
mlt^mAf tff f(x) jBfl 
( f(x) - f(o) ) a (K-O) y(x*i) e 1.(0,1) 
for w^^ a, 0 < • < « , whw»f at ' '*' < K » 0 < x Jj « 
/5(x) 
^ wlMzo M a« A fOo^ tlYW oonotoBt. 
•la 
fp.^ 
(7.g»«) "'i:: \m 0(x)» 5 1 - 0 . 
|)(x) a(x) lB,,Bffi*;ingitftalM„g» io^^) mi tlmt tteCT Iff.ft 
(7.8.3) /«(jE)y(x) a x i C 15(1!) aCt) 
t 
JB(X) 
< K » 0 < jc J ts 
0* * / a 
£ a b_, / )9(x) a(jt) 4x 
f^f!iyi>«fa. ilnfflwniyt iiaiia iftt Fwrttg atrtf• (ya«p)cffriyfPKifl 
M«Atyi!ffily %9 g(x) JBA («(x) - «(•)) «(«-•) ?(«-•) e t(o,n) 
iSLiifi^ •• 0 ^ « ^ «. la tftitUwlty tn 8"0» rawtyal'a 
- I t t 
( ? . 8 . ^ q^ « f / a ( 5 t ) H'(x) •!»»«: to 
MsmOiM- % pttttlng Y(«) • X and p(x) • x in tiieor«i» 
X Ana )^ f we g«t fbtoxmie A and B v<»8P«etlv«3.y« On ttw otiwr 
hmaf if we t«ie« iS(x) • x weia wfit« Y'^ c^) a((x} « P(x) 1& 
flseorcR If we get flMarm A la wMoh oaw of our condttiogae 
ncoBtly »• *^*?^ 4 " 1© ligMcr than the oosrespondliig condition 
••3(x)4. ** Of fh«o««6 A. ^ tdklng V' (x) • X^x, and 
j$(x) * X a ei&lXar xmmsk i e appXiexlsQL® to fteorto S. AXeo 
«• oxtond tl» 8Q0p« of mr thooceao %r msmming ttmt p(x) 
l6 either OTen or odd Ineteed of reetriotlag I t to be even 
in fheortn A and odd in fheoren fi* Other Intereetlng ease* 
for which our theorwue h^d are 
(1) S' (x) • ein I t i6(x) • x^ • 
/ 
(11) ^ (x) - cee I • j»(x) • X. 
••5 ?Wgr ftf Xfayffrtt X* ^iae» ^ , * n / a^*) V'^*) *» 
«»X Xy^ 
eonrergee abetAuteXyt we hare 
iha ^' tt.x ^ ^' / «(x) v(x)dx 
l/m 
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X Hal X/ki 
Bf ki^pQtimBiB fix) IB oonntlouooo tna Ii«no« in •!«« of w«XX 




^ ( * / » ) • P (7») v» 
"^ s^ee fo r example Zygmund [ l ^ . 
-1»4 
j»(|) $(|) 3 , ^ , , 
^ Q .AMI H , / ot(x) ^ ( j t ) t e 
M^(|>C<$(|)- $4)1 Vn 
^ / «(x) y(»)4« i 5^ * 
for Al n2^t ^imf M moQtWB tl» ipaill«Bt inf•«#» Jti • 
Sine* p(x) aix) e l*(OtK) tad ^(x) o(ac) 1© •it l»r twa OF 
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n-d " o 
1/n 
_ ^ n / ^(E) «(jt) to 
t I* 1 • S IteJ «L 
ll-X » nml ^ > ^ 
a / p{%) a(x) 4x 
•IP? 
canBeqienUjf ©c in the -?rcof of theorem 1, tlic Fourier 
ccrtec (7 .1 . P) oojwrerjea uoifoKily to cCii) • 
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{!'] • paO]^ ) «nd a thaoran of BdBoad9[l] ea Paraair«l*« 
tbcoran for sonatonlc funotioa* 
thaana A. If f (x) i 0, x ^^^ f (x) e t (0,1) t and 
- l a 
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